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ABSTRACT. We construct equilibrium and Gibbs measures in the con-
text of the nonadditive thermodynamic formalism for flows. More pre-
cisely, we consider the class of almost additive families of potentials and
after establishing an appropriate version of the classical variational prin-
ciple for the topological pressure, we obtain the existence and uniqueness
of equilibrium and Gibbs measures for families with bounded variation.

1. INTRODUCTION

We first recall some of the main components of the classical thermody-
namic formalism. The notion of the topological pressure P(¢) of a continu-
ous function ¢ with respect to a map f: X — X was introduced by Ruelle
in [15] for expansive maps and by Walters in [17] in the general case. They
also established a variational principle for the topological pressure:

Po) =sw (1) + [ odn).
°w X

with the supremum taken over all f-invariant probability measures p on X,
denoting by h,(f) the Kolmogorov-Sinai entropy of f with respect to p.
An f-invariant probability measure p on X is called an equilibrium measure
for ¢ if

P(6) = hy(f) + /X b

These measures and particularly their Gibbs property play an important role
in the dimension theory and multifractal analysis of dynamical systems. We
refer the reader to the books [3, 6, 12, 16] for details and further references.

The nonadditive thermodynamic formalism was introduced in [1] as a gen-
eralization of the classical thermodynamic formalism, essentially replacing
the topological pressure P(¢) by the topological pressure P(®) of a sequence
of continuous functions ® = (¢, )nen. This formalism contains as a partic-
ular case a new formulation of the subadditive thermodynamic formalism
introduced by Falconer in [8]. Moreover, for additive sequences it recovers
the notion of topological pressure introduced by Pesin and Pitskel” in [13] as
well as the notions of lower and upper capacity topological pressures intro-
duced by Pesin in [11] for an arbitrary set. The nonadditive thermodynamic
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formalism also plays a corresponding role in the dimension theory of dynam-
ical systems. In particular, [1] includes a version of the variational principle
for the topological pressure (for discrete time), although with restrictive
assumptions on the sequence ®. This justifies the interest in looking for
more general classes of sequences of functions for which it is still possible to
establish a variational principle, including in the case of flows.

Our main objective is precisely to consider a new class of families for
which it is still possible not only to establish a variational principle for
the topological pressure, but also to discuss the existence and uniqueness
of equilibrium and Gibbs measures. This is the class of almost additive
families: a family of functions (a¢)i>0 is said to be almost additive with
respect to a flow (¢¢)er if there exists a constant C' > 0 such that

—C+at+asop; <apys <ag+aso¢p+C

for every t,s > 0. In particular, we establish the following variational prin-
ciple for the topological pressure. We denote by M the set of all ®-invariant
probability measures on X and we refer to Section 2 for the notion of tem-
pered variation.

Theorem 1. Let ® be a continuous flow on a compact metric space X and
let a be an almost additive family of continuous functions with tempered
variation such that sup,c(g 4 |latllec < 00 for some s > 0. Then

1
P(a) = 5161313[ <h#(q>) +tli>r&f /Xat du) . (1)

We also consider the particular case of hyperbolic flows and we establish
the existence and uniqueness of the equilibrium measure of an almost ad-
ditive family of continuous functions with bounded variation as well as its
Gibbs property. We say that a ®-invariant measure p on X is an equilibrium
measure for the almost additive family a (with respect to the flow ®) if the
supremum in (1) is attained at u, that is, if

.1
P(a) = h,(®) +t11>1£10t/xat du.

The notion of a Gibbs measure requires introducing the somewhat technical
notion of a Markov system (see Section 3.1). Our main result is the following
theorem.

Theorem 2. Let A be a hyperbolic set for a topologically mizing C* flow ®
and let a be an almost additive family of continuous functions on A with
bounded variation such that P(a) = 0 and sup;cjo 4 [|atllcc < 00 for some
s > 0. Then:

(1) there exists a unique equilibrium measure for a;

(2) there exists a unique invariant Gibbs measure for a;
(3) the two measures are equal and are mixing.

Note that there is no loss of generality in assuming that P(a) = 0. Indeed,
let b = (bt)i>0 be an almost additive family of continuous functions on A
with bounded variation such that sup;cpg 4 [|bt[|cc < 00 for some s > 0. Then
let a = (at)¢>0 be the family of continuous functions on A defined by

[ bt — P(b)t
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for each ¢ > 0. Clearly, a is almost additive, has bounded variation and sat-
isfies supye(g 4 [lat]lc < 00 and P(a) = 0. For each ®-invariant probability
measure pu on A we have
1 1
lim — [ a;dp = lim / by dp — P(b).
This readily implies that a and b have the same equilibrium measures.
To the possible extent, and up to the need of various nontrivial modi-

fications in the case of flows, our arguments follow former work in [2] for
discrete time.

2. VARIATIONAL PRINCIPLE

In this section we consider the nonadditive topological pressure for a flow
and we establish a version of the variational principle for an almost additive
family of continuous functions.

We first recall the notion of nonadditive topological pressure for a flow.
Let ® = (¢¢)icr be a continuous flow on a compact metric space (X,d).
Moreover, let a = (at)¢>0 be a family of continuous functions a;: X — R
with tempered variation. This means that

lim T (@)
e—=0t——+oo t

=0,
where
Yi(a,e) = sup{|as(y) — at(x)| : y € By(w,¢) for some z € X}

taking

Bi(z,e) = {y € X : d(¢s(y), ds(x)) < € for s € [0,¢]}. (2)
Given € > 0, we say that aset I' C X x Rar covers Z C X if

U Biz,e)o2
(z,t)er

and we write

a(z,t,e) =sup{as(y) : y € By(w,e)} for (z,t) € T.
For each Z C X and a € R, let

M(Z,a,a,¢e) = TETOO irl;f Z exp(a(z,t, &) — at), (3)
(z,t)el

with the infimum taken over all countable sets I' C X x [T, +00) covering Z.
When a goes from —oo to +00, the quantity in (3) jumps from +oo to 0 at
a unique value and so one can define

P(alz,e) =inf{a € R: M(Z,a,a,e) = 0}.
Moreover, the limit
P(a|z) = lim P(a|z,¢)
e—0
exists and is called the nonadditive topological pressure of the family a on
the set Z. For simplicity of the notation, we shall also write P(a|x) = P(a).

Now we establish a version of the variational principle for the topological
pressure of an almost additive family of continuous functions. We recall that
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a family a = (a¢)¢>0 of functions a;: X — R is said to be almost additive

(with respect to a flow @) if there exists a constant C' > 0 such that
—C+art+asod <apps Sartasog+C

for every t,s > 0. We denote by M the set of all ®-invariant probability
measures on X, that is, the probability measures u on X such that

p(e(A)) = u(A)

for any Borel set A C X and any t € R. Moreover, for each u € M, let
hu(®) be the Kolmogorov-Sinai entropy of ® with respect to s.

Theorem 3. Let & be a continuous flow on a compact metric space X and
let a be an almost additive family of continuous functions with tempered
variation such that sup,cpo 4 llatlleo < 00 for some s > 0. Then

P(a) = sup <hu(<1>) + /X Jim “ti:”) du(x)>

MEM —00

1
= h, (P lim — d .
sup (1(8)-+ Jim 7 [ v

Proof. Since a is almost additive, we have

arys +C < (at+C)+aso ¢ +C

for s,t > 0. Thus, (a,+ C)pen is subadditive and it follows from Kingman’s
subadditive ergodic theorem that for each measure y € M the limit

i(x) = lim (a(x)/n)

exists for p-almost every = € X. Now let [z] be the integer part of the real
number x. Again since a is almost additive, we have

~C+apy+a_podpy <ar < ap+ a0y +C (5)

for t > 0. Taking N € N such that 1/N < s (with s as in the statement of
the theorem), we obtain

ar(z) apy (z) (at—1 © ¢pg) (@) n C
t t - t t
supseo oo C
- t t
N o0
< Nsupiepo1/m) | L Ne
- t t
N oo
< Nsubieo, [t L Ne
- t t
Taking the limit when ¢t — oo gives
tim [ 22) )| (6)
t—o00 t t
Since
agy () [t] apy(z) agy ()




EQUILIBRIUM AND GIBBS MEASURES FOR FLOWS 5

it follows from (6) that

lim a(z) = a(x)
t—oo ¢t

for p-almost every z € X. Moreover,
[t]-1 [t-1
—Clt]+ Y a10¢p <ap < > ayody+Clt]
k=0 k=0
and so |ap)/[t]| < [la1]|cc + C. Hence, it follows from Lebesgue’s dominated
convergence theorem that ap)/[t] — @ in L*(X, ) when ¢ — oo and

o1 . af
lim — ap d :/ad :/ lim —d 7
Hoo[t]/x e = | =R T (™)

Finally, by (5) we have

1 ] 1
\t/xatd”‘tm/xamd“\

and so, using (7), we obtain

lim % ardp = hm — / ap dp = / lim atix) du(x).

t—o00 X t— oot

1 C
‘ /Xat—[t] o Py du’ + —u(X)

IA

t t

IN

1 C
L) sup flaslo + ()
s€[0,1]

This shows that the two limits in ( ) exist and are equal.
Now we establish the inequality

1
P(a) < sup <hu(<l>) + lim / ay du) . (8)
/LEM t—o00 t X

First we obtain a few auxiliary results. Given x € X, we define a probability
measure on X by

1 t
Pt = t/o ¢y (z) S,

where 0, is the probability measure concentrate on y. Let also V() be the
set of all sublimits of the family (pz¢)¢>0-

Lemma 4. Given z € X and p € V(x), there exists an increasing sequence

(tn)nen such that
at, (x)

1
lim = lim 7. d.

n—00 n t—o00 X

Proof of the lemma. Let (t,)neny be an increasing sequence such that the
sequence of measures (fgt, Jnen converges to p. Given € > 0, there exist
K >0 and C,} > 0 for each £ > K such that

0) = 2 ouldy(a)| < ne+ e

for every n > 2k (see [9]). This implies that

-1
an(z) 1 () 1 Ce i
-7 dpiz | = T 5 < —.
n k A e G ~kn -0 i ©)

n
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Using the sequence t,, instead of n in (9) and letting n — oo, we obtain

1 JE— 1
/akdﬂ—sglilnwglimat”(:n)g/akdu—ke. (10)
X X

k n—oo In n—oo 1y, k

Finally, letting k& — oo in (10) gives

1 1
lim% akdu—sgliimat”i(x) at"(x)<limk apdp + €

k—o0 X n—oo tn n—0o0 tTL " k—oo X

< lim

and it follows from the arbitrariness of € that

1 1
lim at"i(z) = lim / apdp = lim — | a;dp.
kJx tJx

n—oo t, k—00 t—o00

This completes the proof of the lemma. O

We also need the following technical property (see [6] for a corresponding
result in the additive case).

Lemma 5. Let I' C X x {1} be a finite cover of X. For the open cover
V={W,....V;.} of X, where V; = By(xj,¢/2) with (xj,1) € I, there exist
m, T € N with T arbitrary large and a sequence U =V;, ---V;, such that:

(1) x € (/) d—r1Vi, and

.1
ar(z) <T <tli>%lot/xatdﬂ+5> ;

(2) there exists a subset V. € (V™)X of U of length km > T — m such
that H(V') < m(h,(®) 4+ 0).

Proof of the lemma. By Lemma 4, given § > 0, we have

1
at"(x)—limt atd,u‘<5

tn t—00 X

for any sufficiently large n. So one can take T arbitrarily large such that

o1
ap(z) <T <tll>rgo n /X ay dp + 5)

and the first property follows. The second property can be obtained as in
the proof of Lemma 4.3.2 in [4]. O

Given 6 > 0, m € N and v € R, let X,,, be the set of points x € X
satisfying the two properties in Lemma 5 for some measure p € V(z) with

1
u—0< lim - asdp < u+ 9.

Moreover, let ny be the number of all sequences U € VT with these two
properties for some point x € X, ,,. Proceeding as in the proof Lemma 4.3.3
in [4], we find that

ny < exp[T (hu(®) + 29)]
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for any sufficiently large T'. Therefore,
M (X, a,a,¢)
+o0
< lim ZnTeXp[—aT+T (hm 1/ atd,u—i-(S) —i—'yT(a,E)}
~ 7—+o0 — t—oo t Jx

N . 1 Eran ’Yt(aag)
< - _ LA s
< T S| (@ s i} [onduso o B 2
=T
+o0
< T
- TEIEOO Z B ’
T=r1
(11)
where
B = exp (—a+c+35+ lim W)
t—+o00 t
and
1
c= 323\13[ (hﬂ(q)) + tILIEO n ; ag d,u) .
For
o> ct364+ Tm 2189 (12)
t—+o00 t

we have § < 1 and so it follows from (11) that

+o0
M (Xmu,a,a,e) < lim Z fT=0 and o> P(alx,, .. €) (13)
T=1

T—r+00

Recall that a = limy_,o(a¢/t). Taking points wui, ..., u, such that for each

u € [inf @, sup @] there exists j € {1,...,r} with |u — u;| < 6, we have
T
X=J UXmu
meN =1

Finally, by (12) and (13), we obtain
P(a) = ;I_If(l) P(a,¢)

- il—I}(l) S;}zl,lz) P(a|Xm’ui ’ 6)

FYt(% 5)

<c+ lim lim + 36 = ¢+ 36.
e—=0t—o00
Since ¢ is arbitrary, we conclude that P(a) < ¢ and so inequality (8) holds.
To obtain the reverse inequality P(a) > ¢, to the possible extent we follow

corresponding arguments in [4].

Lemma 6. For each ergodic measure p € M, we have
1
> im — .
P(a) > h,(®) + tlg(r)lo . agdp

Proof of the lemma. Given € > 0, there exist § € (0,¢), a measurable par-
tition £ = {C1,...,Cy,} of X and an open cover V = {Vj,...,Vi} of X for
some k > m such that:
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(1) diamCj < e, V; C C; and pu(C; \ Vi) <82 for i = 1,...,m;

(2) the set E = Uf:m_H V; has measure u(E) < §2.
We consider a measure v in the ergodic decomposition of p with respect to
the time-1 map ¢;. The ergodic decomposition is described by a measure T
in the space M’ of ¢-invariant probability measures that is concentrated on
the ergodic measures (with respect to ¢1). Note that v(E) < § for v in a
set Ms C M of positive T-measure such that 7(Ms) — 1 when 6 — 0.

For each x € X and n € N, let s,(z) be the number of integers [ € [0,n)

such that qbll(x) € E. By Birkhoff’s ergodic theorem, since v is ergodic for ¢
we have

lim snl®) _ lim ZXE (¢ (z /XEdI/—I/(E) (14)

n—-+oo n n—+oo n

for v-almost every z € X. On the other hand, by Lemma 4, there exists an
increasing sequence of integers (t,)nen such that

1
lim a1, () = lim - | a;dp (15)

n—oo  tp t—oo t X

for p-almost every z € X. By (14) and (15) together with Egorov’s theorem,
there exist v € My, N1 € N and a measurable set A1 C X with v(A;) > 1-§
such that

<25 and

sn(2)

1
n@) oy L[, du’ <5 (16)
n t—oo t [

for every x € A} and n > Nj. For the partition

&=\ 617,
j=0

one can use the Shannon-McMillan—Breiman theorem and again Egorov’s
theorem to conclude that there exist Ny € N and a measurable set Ay C X
with v(Az) > 1 — 6 such that

v(&n(x)) < exp [(—hu(¢1,€) + 0)n] (17)
for every o € Ay and n > Na, where £, () is the element of &, containing z.
We take N = max{Nj, No} and A = A; N Ay. Then v(A) > 1 — 26 and by
construction, (16) and (17) hold for every z € A and n > N.
Let A be a Lebesgue number of the cover V and take € > 0 with 22 < A.
Given a € R, take N > N such that for each n > N there exists a set
I' C X x [n,+00) covering X with

Z exp(a(x,t,8) —at) — M(X,a,a,8)| <. (18)
(z,t)el

Without loss of generality, we also assume that N is so large such that

VZ(avg) < Tim Vt(a7€)+5
l t—-oo t

for all [ > N. Moreover, given | € N, let
Iy ={(z,t) €T : Bz,5) NA#0}
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and let By = U, yer Bi(2,€). Following arguments in [4], it follows from
the first inequality in (16) and (17) that

cardT; > v(B; N A) exp[hy (¢1,€)l — (1 4 2log card €)16]
for I € N. On the other hand, by the second inequality in (16) we have

1
sup a; >1 <lim / atdu—5) —(a,€)
Bi(z ) tooot Jx

for all I > N and (x,t) € I';. Then
Z exp(a(z,t,€) — at)

(z, t)GF
> Z Z exp< sup —ozl>
=N (z,t)€T; Bi(w®)
.1 _
> anrdf‘l exp[(—a + tliglo . a dp — 6) l— 'yl(a,e)}
I=N
+o0
> v(BNA)
=N

X exp[(hl,(qﬁl,f) + lim 1/ az dp — @) a) I—2(1+ logcardf)lé].

1 o ~
a < hy(¢1,€) + lim / apdp — lim (0, E)
t—oo t X

t—+o00 t
and assuming that ¢ is so small such that

1 - _
a < hy(¢1,§) + lim / ardp — lim @) 2(1 + log card £)6 —
t—oo t Jx t

we finally obtain

+oo
Z exp(a(z,t,g) — at) > Z v(BiNA)>v(A) >1—20.
(z,t)el I=N

Hence, it follows from (18) that
M(X,a,0,8) >1 -3 >0

and so P(a,Z) > «, which implies that

) _
P(a.2) > hy(¢1,€) + lim / avdp— Tm 2U%E)

t—+oo t

Now we consider measurable partitions & and open covers V; as before with
e = 1/I. For each [, take g; > 0 such that 2&; < 1/l is a Lebesgue number of
the cover V;. Since diam & — 0 when [ — +oo, we have

liiinoo ho(¢1,61) = hu(¢1).
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Since the family a has tempered variation, we obtain

Pla) = lim_P(a,2)

l—+o0 t—+00 t

1 o _
> tim hy(o0.8)+ fim 1 [ ocdp— i T 2055

1
= o) + i 7 | avd
Integrating with respect to v gives
1
P(a) 2/ hy(¢1)dr(v) + lim — | a;du
M§ t—o0 t X

and letting 0 — 0 yields the inequality
1
P(a) 2/ hy(¢1) dr(v) + lim / azdp
/ t—woo t [y

1
:hu(¢1)+/ bdp = hy(®) + lim — [ a;dp.
VA t—oo ¢ X

This completes the proof of the lemma. U

Now we consider the set

X, ={ze X :V(z)={u}}.

When g € M is ergodic, X, is a nonempty ®-invariant set and p(X,) = 1.
Hence, it follows from Lemma 6 that

1 1
> > im — = im — .
Pla) = Plalx,) = hy(®lx,) + Jim [ oudie = (@) + Jim 7 [ v
When p € M is arbitrary, we can decompose X into ergodic components
and use the previous argument to show that

1
P(a) > sup (hu(@) + lim 7 a du) .
X

LEM t—o00

This completes the proof of the theorem. O

We say that a ®-invariant measure p, is an equilibrium measure for the
almost additive family a (with respect to the flow ®) if the supremum in (4)
is attained at ug, that is, if

.1
P(a) = hy,(®) + tlgglo . a; dpg. (19)
The following result gives a criterion for the existence of equilibrium mea-
sures in this context.

Theorem 7. Let ® be a continuous flow on a compact metric space X
such that the map p — h,(®) is upper semicontinuous. Then each almost
additive family a of continuous functions with tempered variation has at least
one equilibrium measure.
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Proof. Since a,, 4+ C is a subadditive sequence of functions, the real sequence
Jx(an + C)dp is also subadditive. Then

1 1
lim / an dp = lim /(an—i—C)d,u
X X

n—o00 n n—00 1,

(20)
1 1 C
< / (an+C)dp = / an dp + —.
n Jx n Jx n
Similarly, the sequence [y (a, — C)dp is supadditive and so
1 1 C
lim — ndy > — ndi — —. 21
ﬁ&néaunéau - (21)
It follows from (20) and (21) that
1 1 C
lim — ndy — — ndul < —. 22
;&néau néau‘n (22)

Now let u,, be a sequence of measures converging to p. Then

1 1 C
lim / an Aty — / G A,
n—oon Jx nJx

< =
-n
for every m,n € N. Letting m — oo and then n — oo, we obtain

1 1
lim lim / an dity, = lim / G dft.
m—oon—oo N Jx n—oon [y

This shows that the map

1
pr lim — [ apdp

is continuous for each almost additive family a. Together with the upper
semicontinuity of the map p — h,(®), this implies that the map

o1
,u»—>h”(<1>)+tli>r&t/Xatdu

is upper semicontinuous. Hence, in view of the compactness of M there
exists a measure p, € M satisfying (19). (]

3. HYPERBOLIC FLOWS

In this section we consider the particular case of hyperbolic flows and we
describe a general condition for the uniqueness of the equilibrium measure of
an almost additive family of continuous functions with tempered variation
as well as for its Gibbs property.

3.1. Basic notions. Let ® = (¢;):cr be a C'! flow on a smooth manifold M.
A compact ®-invariant set A C M is called a hyperbolic set for ® if there
exists a splitting
TAM = E*® E" @ E°
and constants ¢ > 0 and A € (0,1) such that for each x € A:
(1) the vector (d/dt)¢:(z)|i=o generates E°(x);
(2) for each t € R we have

dy ¢ B () = E*(¢r(x))  and  dyg B (x) = E*(¢(2));
(3) ||dzgev| < eAt||v|| for v € E*(z) and t > 0;
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(4) ||dep—1v]| < cA||v|| for v € E¥(z) and t > 0.
Given a hyperbolic set A for a flow ®, for each x € A and any sufficiently
small € > 0 we define

A(z) = {y € B(z,¢e) : d(o1(y), oe(x)) (0 when t — —l—oo}

and

A'(z) = {y € B(x,¢) : d(¢+(y), ¢+(x)) \, 0 when ¢t — —o0}.

Moreover, let V5(x) C A%(x) and V¥(z) C A%(x) be the largest connected
components containing x. These are smooth manifolds, called respectively
(local) stable and unstable manifolds of size € at the point x, satisfying:

(1) T,V3(x) = E*(z) and T, V*(x) = E*(x);
(2) for each t > 0 we have
¢(V(x)) CV3(dr(x)) and  ¢+(V¥(x)) CV(d-t(2));
(3) there exist k > 0 and u € (0, 1) such that for each t > 0 we have

d(¢e(y), ¢¢(x)) < kpd(y,x) for y € V()

and

d(d—1(y), p—1(x)) < wp'd(y,z) for y € V().

We recall that a set A is said to be locally mazimal (with respect to a flow ®)
if there exists an open neighborhood U of A such that

A=)
teR
Given a locally maximal hyperbolic set A and a sufficiently small ¢ > 0,
there exists 0 > 0 such that if z,y € A satisfy d(z,y) < ¢, then there exists
a unique t = t(z,y) € [—¢, €] such that

2] 1= V*(61(2)) N V()
is a single point in A.

Now we make some preparations to introduce the notion of a Markov
system. Consider an open smooth disk D C M of dimension dim M —1 that
is transverse to ® and take x € D. Let U(x) be an open neighborhood of x
diffeomorphic to D x (—¢,¢). Then the projection 7p: U(x) — D defined
by mp(¢:(y)) = y is differentiable. We say that a closed set R C AND is a
rectangle if R = int R and 7p([z,y]) € R for z,y € R.

Consider rectangles Ry, ..., Ry C A (each contained in some open smooth
disk transverse to the flow) such that

RiﬁRj :8Riﬂ8Rj for ¢ #]
Let Z = Ule R;. We assume that there exists € > 0 such that:

(1) A =Usepoq 9:(2);
(2) whenever i # j, either

¢e(Ri)NR; =0 forallte][0e]

or

¢t(Rj) NR; = @ forallte [0,8}.
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We define the transfer function 7: A — Rg by
7(z) = min{t > 0: ¢s(x) € Z},
and the transfer map T: A — Z by

The restriction Tz of T' to Z is invertible and we have T"(z) = ¢, () (),

where
n—1

Ta(z) = Y 7(T(2)).
i=0
The collection Ry, ..., Ry is said to be a Markov system for ® on A if
T(int(V3(z) N R;)) C int(VE(T'(x)) N Ry)

and
T (int(V*(T(2)) N R;)) C int(V*(z) N R;)

for every x € int T'(R;)Nint Rj and 4,j = 1,..., k. By work of Bowen [5] and
Ratner [14], any locally maximal hyperbolic set A has Markov systems of
arbitrarily small diameter and the transfer function 7 is Hélder continuous
on each domain of continuity.

Given a Markov system Rj,..., Ry for a flow ® on a locally maximal
hyperbolic set A, we consider the k& x k matrix A with entries

Lot if intT(R;) N R; # 0,
“ 10 otherwise,

where T is the map in (23). We also consider the set
Sa={(ittigit-) t Qiipy, =1 forne Z} C {1,...,k}*

and the shift map o: ¥4 — X4 defined by o(---ig---) = (---jo--- ), where
jn = iny1 for each n € Z. We denote by X, the set of Y 4-admissible
sequences of length n, that is, the finite sequences (i1 - - - i, ) for which there
exists (---jojij2---) € X4 such that (i1...4,) = (j1---Jn). Finally, we
define a coding map ©: X4 — Z by

w(--ig-r) = ﬂ Ri_..i,
nez
where R; ..., = (\-_, T, int R;. The following properties hold:

(1) roo=Tom;

(2) 7 is Holder continuous and onto;

(3) 7 is one-to-one on a full measure set with respect to any ergodic
measure of full support and on a residual set.

Given 8 > 1, we equip Y4 with the distance dg defined by

B ifw# W,
dﬂ(‘*”w/):{o if w =

where n = n(w,w’) € NU{0} is the smallest integer such that i, (w) # i (w’)
or i_p(w) # i—p(w’). One can always choose § so that 7 o 7 is Lipschitz.
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Now let v be a Tz-invariant probability measure on Z. One can show
that v induces a ®-invariant probability measure y on A such that

L [T g0 ¢)(x) ds dv
/Agdﬂ_ fZTdy (24)

for any continuous function g: A — R. In fact, any ®-invariant probability
measure p on A is of this form for some Tz-invariant probability measure v
on Z. Abramov’s entropy formula says that

ho(Tz)

h,(®) = . 25
By (24) and (25) we obtain
h,,(Tz) + fZ Ig dv
hu(® dy = 26
@)+ [ gau= LTS (26)
where I,(z) = fOT(“”) (g o ¢s)ds. Since 7 > 0 on Z, it follows from (26) that

Pg(g) =0 if and only if Pr,(I;) =0,

where Py (g) is the topological pressure of g with respect to ® and Pr, (1) is
the topological pressure of I, with respect to the map Tz. When Ps(g) = 0,
this implies that p is an equilibrium measure for ¢ if and only if v is an
equilibrium measure for I,.

3.2. Technical preparations. In this section we make a few technical
preparations. We start by considering the sequence of functions a,: Z — R
defined by

cn(2) = g, (2)(2)- (27)
Lemma 8. The sequence ¢ = (¢p)nen 5 almost additive with respect to the
map 1.
Proof. Notice that
Cnm(T) = A,y (@) (T) = Oy (2) 4 (7 (2)) (T) (28)
for n,m € N. Since a is almost additive with respect to ®, by (28) we have
Cntm () < Az, (2) (z) + aTm(Tn(I))(¢Tn(I) (z)) +C
= Qr,(2) (z) + aTm(Tn(I))(Tn($)) +C
= cp(x) + e (T (2)) + C.
Similarly, we have also
Cner(:L') > Qr, (x) (:E) + aTm(T"(a:))(Tn(w)) -C
= cp(x) + e (T (2)) — C.
This shows that c is an almost additive sequence with respect to 7. (]

Now we consider the sets By(x,¢) in (2) with X = A.

Lemma 9. Given § > 0, there exists a Markov system Ry,...,Ri and a
constant C > 0 such that
Ri_n---in C Brn(y) (y, 05)

for everyn e N andy € R

i -
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FIGURE 1. d(¢s(x), ds(y)) < Co for s € [0, 7,(y)].

Proof. Since the rectangles of a Markov system can have arbitrarily small
diameters, for each § > 0 there exist Ry, ..., R such that

R; C B(z,0) for every z € R;. (29)
Given x,y € R;_, ..i,, we have T%(z), T*(y) € R;, for k € {0,...,n}. On
the other hand, by (29), R;, C B(T*(y),d) and so d(T*(x),T*(y)) < § for

k € {0,1,...,n}. Finally, by the uniform continuity of (t,z) — ¢¢(x) on
compact sets, there exists C'= C(d) > 0 (independent of n) such that

d(¢s(x), ¢s(y)) < Cd  for s € [0, 7,(y)]
(see Figure 1). This yields the desired statement. O

Given § > 0 and a Markov system as in Lemma 9, we consider the numbers

Vi(c) = Sup{]cn(az) —cn(y)| i zyy € Ri1~~-in}

for n € N. We recall that a family of functions « is said to have bounded
variation if for every x > 0 there exists € > 0 such that

las(z) — at(y)| < k whenever y € By(x,¢).
We shall always assume that Cd < e.

Lemma 10. If a has bounded variation and sup;¢g 4 lat]|oo < 00 for some
s> 0, then sup,cy Va(c) < 0o (in particular, ¢ has tempered variation).

Proof. Take z,y € R;_, ..., and w,w’ € ¥4 such that T'(x) = 7(c(w)) and
T(y) = m(c(w')). Choosing 8 > 1 so that 7 o 7 is Lipschitz, say with
Lipschitz constant L > 0, one can write

n—1 n—1
(@) = Ta(y)| = D (T (@) = Y 7(T'(y))
=0 =0
n—1
<Y l(rom) (o' (@) - (rom)(a' (W)
=0
n—1
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This implies that there exists D > 0 (independent of x, y and n) such that
[T (z) = ma(y)| < D. (30)
Assuming without loss of generality that 7,,(z) > 7,(y), since the family a
is almost additive, we have
aTn(x)(x) < Oy (z) =7 (y) (z) + am(y)(¢rn(a:)—m(y) (z)) + C.
Together with (30), this implies that
Cn(x) - Cn(y) = Qr, (2) (1") — Qr, (y) (y)
< Nt (@)= () (@) + | () (7 (2) (1) () — Ay (W) + C
< S[UP] latlloo + |ar, () (Dr (2) =70 () () — Q) (W) + C

)

< sup |lalloo + [@r, () (Dr, (2) =7 () (T)) = Crp ) (2]
1€[0,D]

+ar, () () = ar, () (W) + C.

(31)
Since a is almost additive and supcpg 4 [lat|loo < 0o for some s > 0, we have
sup arlloo < M (32)

1€[0,D]

for some constant M > 0. Moreover, by the definition of bounded variation,

s, () (%) = ar, () (V)] < K. (33)
Now note that
Y= d)f‘rn(y) (¢Tn(y) (y)) = ¢*Tn(y) (Tn(y))
and define

Z = gb—’rn(y) (¢’7’n($) (:U)) = ¢—7’n(y) (Tn(l‘))

Since T"(x),T"(y) € R;, and the map p — ¢_. (,)(p) is uniformly contin-
uous on compact sets, there exists & > 0 (depending only on §) such that
d(y,z) < ¢'. Thus,

d(z,2) < d(z,y) +d(y,z) <o+,

By the uniform continuity of the map (¢, z) — ¢:(z) on the set [0, 7, (y)] X A,
there exists € > 0 such that d(¢s(z), ¢s(2)) < € for s € [0, 7,(y)]. Again by
the bounded variation property, we have

|6z, () (2) = Gy (4 (2)] < . (34)

By (31) together with (32), (33) and (34), we obtain

en(z) —en(y) <M+ 25+ C.
Similarly, using the inequality

r () () 2 (@)1 (1) (T) + O () (D (1) =7 () (7)) — C,
one can show that
() —en(y) > —(M + 26+ C).

This yields the desired statement. (]
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Now we introduce the notion of a Gibbs measure for a flow in the present
context. A measure p on a hyperbolic set A for a flow ® is called a Gibbs
measure for a if it is induced by a measure v on Z = Ule R; satisfying

V(Rz_nzn)
exp [—2nPr, (c) + can ()]
for some constant K > 1, for every n € N and z € R; ..,
cn(T) = ar,(2)(x) for n € N and z € Z). Considering the sets

Ril.uinz U Ri,nmina

T

K 1< <K

(recall that

one can verify that this is equivalent to require that

- v(Rj,..q,)

-1 b
K< exp [—nPr, (c) + cn(2)] s K (35)

for some constant K > 1, for every n € N and x € R;,...;, . If the measure v
is also invariant, then
en(z)  logK 1 - cn(z)  logK

—— < ——1 i) < P, —
- B < logu(Ry ) € Pry(e) - B 2

Pr, (C)
which implies

1 ~ n
hy(Tz,x) := lim ——logv(R;,...,) = Pr,(c) — lim cn(2)

n—o0 n n—oo n

By the Shannon—McMillan—Breiman theorem, we have

h,,(TZ):/Zh,,(TZ,x) dv(x)

= Pr,(c) — /Z tim @) ()

n—oo N

n—oo n

1
= Pr,(c) — lim / cp dv
Z
and so .
Pr,(c) =h,(Tz)+ nh_{rolo - /Z cn dv.

This shows that any invariant Gibbs measure satisfying (35) is an equilib-
rium measure for ¢ with respect to the map 1.

3.3. Existence of Gibbs measures. Now we state our main result.

Theorem 11. Let A be a hyperbolic set for a topologically mizing C* flow ®
and let a be an almost additive family of continuous functions on A with
bounded variation such that Pp(a) = 0 and sup,cp 4 l|atl|cc < 00 for some
s> 0. Then:

(1) there exists a unique equilibrium measure for a;
(2) there exists a unique invariant Gibbs measure for a;
(3) the two measures are equal and are mizing.

Proof. We always consider a Markov system with sufficiently small diameter
as in Lemmas 9 and 10. Let ¢ be the sequence in (27).
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Lemma 12. We have

.1
PTZ (C) - 735{.10 ; log Z €xp Cn(xnzn) (36)

i1
for any x;,..;,, € Ry, ...i,,, for each (i1---iy) € ¥, and n € N.

Proof of the lemma. Since c¢ is almost additive, the family d given by d,, =
¢n + C is subadditive. Hence, by Theorem 4.2.6 in [4] (see also [7]) we have

1

Pr, (d)= lim —1 d .
r,(d) = lim — ogiz; op max dn(z) (37)
1in
Moreover, since ¢ has tempered variation, the same happens with d. Hence,
there exist positive numbers \,, decreasing to zero when n — oo such that
dn(Tiy.in) > max  dp(z) —nA, (38)
TELYG iy,
for any x;,..;, € Ri ..i,, (i1--+in) € Xy, and n € N. By (37) and (38) we
obtain )
lim —log > expdn(xi,..i,,) > Pr,(d).
n—roo n 7;1"'in

It also follows directly from (37) that

— 1
Pr,(d) > lim —log Z exp dp (Tiy iy, )-

n—oo N P
Hence,
. 1
Pr,(d) = nEI—lI—loo - log Z exp dn (Ziy---i,,)
i1oerin
. 1
= ngrfoo - log Z exp ¢p(Tiy i, ) + C.
11 0n
Since Pr,(d) = Pr,(c) + C, we find that (36) holds. O
Now let

hiy i, = max{exp en(y) 1y € Ril...in} and H, = Z hiy i, -
i1in
Moreover, we define a probability measure v, in the algebra generated by
the sets R;,...;, by
for each (i1---i,) € X, and we extend it to the Borel o-algebra B of Z.
Let Mz(c) be the set of all sublimits of the sequence (v,)nen. Since Z is
compact, Mz(c) is sequentially compact and so it is nonempty.

Lemma 13. Each v € Mz(c) is a Gibbs measure for ¢ with respect to T.

Proof of the lemma. Since ® is topologically mixing, the same happens to
the map Tz. Hence, there exists r € N such that A” has only positive entries,
where A is the transition matrix of the Markov system. On the other hand,
by Lemma 8, the sequence c is almost additive and so

i ovcingiogion < € Rigenin Rijrci -
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This implies that

Z hil"'injl"'jlfn § eChil---inHZ—n (40)
J1i-n
and so
Hl = Z Z hil"'injl"'jlfn § eCHl_n Z hllln = eCHl_an. (41)
110 1 Jl—n i1-+n

Take k = r—1. Since A" has only positive entries, given (j1 - - Ji—x) € Xi—k,
there exists (p1---pr) € Xp such that (i1« ipp1- - PrJ1- - Ji—k) € Znti-
Hence, since c is almost additive, for each € R;,...i,p;-.ppji--ji_, W€ have

cn1(T) = Cn+k-+(1—k) (z)
> k(@) + g (T ™ (2)) — C
> cn(7) + e (TH(2)) + i (T3 (z)) — 2C

and so
Biriprprjiors > €@ e TE@N ger-u(T7 (@) =2C (42)
We have also )
ck(z
—C ~Jetlleo < =7 < C+ et (43)
for z € Z and k € N. Now assume that z satisfies e@—+(T% (@) = = Ny
Letting Oy = e~ k(C+llerlle) it follows from (42) and (43) that
hil"'inml"'mkjl"'jlfk > ecn(m)Olecl*k(Tg-~_k($))(3_2c
Z Cle_zchilminhjlmjl,k-
Hence, by (41), we obtain
Z h”il---intl---tl > Z hi1---inm1---mkj1---jl,k
trtn Jr-Ji—k
> 01672ohi1...inHl,k (44)
H
—3C l
2 Cle 3 hzlznﬁk

In particular, taking Cy = C1e~3¢ /Hy,, we find that
Hopi= Y > Pigeintrooty = >, Cohiyi Hy = CoHpHy. (45)
i1 n L1t 11vin
Now observe that by (41) the sequence log(e® H,,) is subadditive and so
1
_ — - C — - C
nh_}ngo - log H, = hm log( H,) %Ielg - log(e™ Hy,). (46)
Similarly, by (45) the sequence log(C’gH ) is supadditive and so
lim —log H, = hrn —log(Cg n) = sup — log(Cg n)- (47)
n—oon neN T
On the other hand, by Lemma 12, we have
.1 .1
Pr,(c) = nh_)rgoﬁlog Z hiy.i, = lim —log Hy,

i1in
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and so it follows from (46) and (47) that

| 1
Pr,(c) = TlLrellf\Iﬁlog(eCHn) = ilégﬁlog(CQHn).

Therefore,
CoH, < ™20 < ¢CH,  for n € N. (48)

Note that v; is measure on the algebra generated by the sets R;,..;, and
it follows from (39) that

v(Riy..q,) = Z et jlon

- H;
J1Jl—n
By (40), (45) and (48) together with Lemma 10 we obtain

C
HZ—TL C e
31 Hl e < il"'iniH 02
n
e20 Pr. (o)
= ?zhil---ine_" Tz\¢

620
= — (hlll e*Cn (x))einPTZ (C)+cn (x)

)
< C3€—nPTZ (e)+cn(x)

Vi(Riji,) < h

for x € Ry, ...i,, where C3 = e“eQC/Cg with k as in the proof of Lemma 10.
Similarly, by (44), (41) and (48) we obtain

H,_ Co
vi(Riyin) 2 hilminTlnCQ > hilminw
C?
> 662' hil...inefinZ(c) (50)

> C4e—nPTZ (¢)+cn(z)

for x € R;,..;,, where Cy = C%/eC. Finally, we consider a sequence v,
converging to v when k& — oo. Replacing [ by my in (49) and (50) and
letting k£ — oo, we obtain

Vl(Ri1~~-i )
Cy < L < Cs.
4= exp|—nPr,(c) + cp(x)] — 3
This yields the desired statement. U

Lemma 14. Any Gibbs measure for ¢ with respect to Tz is ergodic.

Proof of the lemma. Let v be a Gibbs measure for c. For m > n we have
Riyiy NT;™(Rjj) = | Riveinprpomniiii
P1"Pm—n
and so

V(Ril"'in N TZ_m(le"'jl)) = Z V(Ril"'inpl"'pmfnjl'”jl)'

P1"Pm—n
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Proceeding as in the proof of Lemma 13, we obtain

V(R”Zn N TZ_m(le.A.jl)) > Cs Z (hil~~~inp1~~~pm,nj1~~jl)ei(erl)PTZ(C)
P1"Pm—n
> 066_(m+l)PTZ (C)h’nln h]l]lefn
> C7e(m*”)PTZ (0) = (m+0)Pry(c) Ry Py i
= C7(hi1...ine_nPTZ (c)>(hj1...jl€_lPTZ(c))
> Cgv(Riy iy )V (R,
for some constants C5, Cg, C7,Cs > 0. Since the sets R;,..;, generate the
Borel o-algebra, each Borel set can be arbitrarily approximated in measure
by a disjoint union of sets Ry, ...,,, (not necessarily with the same m). Thus,

V(ENT,;™(F)) > Csv(E)v(F) (51)

for any Borel sets E, F' C Z. Now let E be a Tz-invariant set and take
F = E°. Then v(ENT,™(F)) = 0 for every m € N and it follows from (51)
that either v(E) = 0 or v(E) = 1. Hence, the measure v is ergodic. O

We proceed with the proof of the theorem. By Lemma 13, there exists a
Gibbs measure v for ¢. Any limit point p of the sequence

n—1
1 —1
Up = — E voTly,
n
=0
is a Tz-invariant measure. Since

-
I/<TZ (Rzlln)) = Z V(le"'jlil"'in>7
JiJu
one can use analogous arguments to those in Lemma 13 to obtain

Lv(Ri.i,) < v(T5" (Riyin)) < L(Riy )

for some constants L, L > 0. Therefore,

|
—

n

1 _
Lv(Riy-i,) < — V(T3 (Riy i) < Lv(Riy i,
l

i
=)

and so
LI/(R”Z”) § N(Rn%n) § LI/(R“Z”) (52)

for every n € N and (i1---ip) € ¥y,. It follows from (52) that p is a
Gibbs measure for c. By Lemma 14, the measure v is ergodic and so, again
by (52), the measure p is also ergodic. We claim that p is unique. Indeed,
assume that there exists another Tz-invariant measure fi satisfying (52). By
the Gibbs property, [i is equivalent to u and since two equivalent invariant
ergodic measures are equal, we conclude that p = fi.

Now let v be an equilibrium measure for ¢ with respect to Tz and let
1 be the unique Tz-invariant Gibbs measure for ¢. We claim that v = pu.
Observe that v = fn + (1 — B)i for some constant 8 € [0,1] and some
invariant measures 7,z such that @ < p and n L p. By Lemma 14, p is
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ergodic and so by Birkhoff’s ergodic theorem together with the fact that

I < p we obtain
/¢w=/¢m
7 7

for every measurable bounded function ¢: Z — R. In particular, @ = pu.
Since n and p are mutually singular T'z-invariant probability measures,

hy(Tz) = hgyr(1—-p)u(Tz) = Bhy(Tz) + (1 = B)hu(T7).

The fact that v is an equilibrium measure for ¢ implies that

1
Pr,(c) = hy,(Tz) + lim / Cp dv
z

n—oo N

= Bhy(T7z) + (1 = B)hu(T7)

+lim T (/Zcm@’dnJr/ch(l—ﬁ) du> -
_ (hn(TZ)+ Tim % /Z en dn>

L (1-8) (hu(Tz)—i—nli_)rgol/ch d,u,).

n
We already know that any invariant Gibbs measure is an equilibrium mea-
sure. Since p is an equilibrium measure, it follows from (53) that either
6 =0, and so v = = u, or n is also an equilibrium measure for c.

We show that 7 cannot be an equilibrium measure, in view of the as-
sumption n L u. Let £ C Z be a Tz-invariant set such that u(E) = 0 and
v(E) = 1. Given ¢ > 0, there exists n = n(e) € N and a union U, of sets of
the form R;,...;, satisfying

w(E\Up)UU,\E)) <e and v((E\U,)U(U,\E)) <e. (54)

Considering the partition &, = {R;,...,, : (i1---in) € Xp} of Z we have

Hy(&n) == > w(Riy..i,)log (R, ..i,)

117477.
and so

hu(T) = Tim ~H, (&) =

inf
n—00 M neN

() (55)

for any probability measure p on Z. By (22) and (55), we obtain

. 1
"(%”ﬂ+ﬂﬂgnégﬂﬂ

Z

== > n(Riyin)logn(Riyi) + / cndn+C

i1 i1in Riy iy

< Z —n(R;,.i,) logn(Ry,..i,,) + Z /R Va(c) + en(xiy i) dn+ C

11+0n i10n i1-in
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= > 0(Riyein) [Flogn(Riy.i) + Cnliyin)] + Vale) + C
Rij in

= Y 0(Riyi,) [Flogn(Riyi,) + cn(@iy i)
Ril»-»inmUn:@

+ D (Riyin) [~ 1ogn(Riy i) + en(@iy )] + Va(e) + C
Riln-inmUn?é@

for any w;,...;,, € Ri,...i,. For example by inequality (20.3.5) in [10], we have

k k k

) 1
E yi(bi — logy;) < E y; log E ebi + -
i—1 i=1 J=1

for any b; € R and y; > 0 for e = 1,..., k. This gives

. 1
n (hn(TZ) + nEToo - /Z Cn dn)

1
< Z (R, .., ) log Z eCrn(@iy-in) 4 =
R¢14.4¢nﬁUn:@ R¢14.4¢nﬁUn=@ €
o 1

+ D n@ua)log Y e £ o4 V(o) +C
RzlznmUn7é® RzlznﬂUnﬁé@ €

<nUp)log > erlrii)
Ril-»-inmUn:@

o 2
+0(Z\Un)log Y el 42 4 V() + C,
RzlznﬁUn;é@ €

for any w;,...;, € R;,...i;,. Therefore, together with the fact that p is a Gibbs
measure for ¢, we obtain

n(hn(TZ)Jr lim ~ /Z cndinZ(c)>

n—+oo n

2
< -+ Vn(C) +C+ ’I’](Un) log Z eCn(xil.“in)fnPTZ (c)
e
Ril---inmUn:@ (56)
+ T](Z \ Un) log Z eC"(xir“in)*”PTZ(C)
Riy i NUn#0

< 24 Vae) + 4 n(Un) gl R p(Un)) + (2 \ Un) loglR (2 \ Uy

for some constant K > 0. Letting e — 0 in (54), we have n(U,) — 0 and
w(U,) — 1 when n — oo. On the other hand, by Lemma 10, we have
sup,,en Vn(c) < oo and so the right-hand side of (56) tends to —oo when
n — oo. This implies that

1
hy(Tz) + lim / cndn < Pr,(c)
Z

n—+oco n

and so 7 is not an equilibrium measure for ¢. This shows that p is the only
equilibrium measure for ¢ and v = p.
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Finally, we show that the measure  is mixing. Since u is a Gibbs measure,
by (51) we have

lim p(ENT;"(F)) > Csu(E)u(F) (57)
m—ro0

for any Borel sets F, F' C Z. Proceeding as in the proof of Lemma 14, one

can also show that

Jim p(BENT,™(F)) < Cop(E)u(F) (58)

for any Borel sets E, F' C Z and some constant C9 > 0. By (57) and (58),
together for example with Lemma 20.3.5 and Proposition 20.3.6 in [10], we
conclude that p is mixing. This completes the proof of the theorem. O
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