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ABSTRACT. Building on the construction of equilibrium measures, we
establish a conditional variational principle for the multifractal spectra
of an almost additive family with respect to a continuous flow ¢ such
that the entropy map p +— h,(®) is upper-semicontinuous. We also
show that the spectrum is continuous and that in the case of hyperbolic
flows the corresponding irregular sets have full topological entropy. More
generally, we consider the spectrum for the u-dimension and obtain cor-
responding results.

1. INTRODUCTION

1.1. Thermodynamic formalism and dimension theory. The thermo-
dynamic formalism, together with its many applications, is a quite active
and broad field of research. One the most basic notions is that of the topo-
logical pressure P(¢) of a continuous function ¢ with respect to a dynamical
system f: X — X. The notion was introduced by Ruelle in [22] for expan-
sive maps and by Walters in [25] in the general case. In particular, the
variational principle for the topological pressure says that

P($) = sup (hu(f)+ /. ¢du>,

I

where the supremum is taken over all f-invariant probability measures p
on X and where h,(f) is the entropy of f with respect to . We refer the
reader to the books [15, 18, 19, 23] for details and further references.

The nonadditive thermodynamic formalism was introduced in [3] as a
generalization of the (classical) thermodynamic formalism, essentially re-
placing the topological pressure P(¢) of a single function ¢ by the topo-
logical pressure P(®) of a sequence of continuous functions ® = (¢, )nen-
Besides playing a unifying role, the nonadditive thermodynamic formalism
has various nontrivial applications, particularly to the dimension theory and
multifractal analysis of dynamical systems. In this respect, the discussion
of the existence and uniqueness of equilibrium and Gibbs measures, among
various other properties, turns out to be crucial.

Over the last decades, the dimension theory of dynamical systems steadily
developed into an independent and quite active field of research (see for
example the books [4, 20]). However, while the dimension theory and mul-
tifractal analysis for maps are quite developed, the corresponding theory
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for flows has experienced a slower progress. A major reason for this slower
progress is that often a result for flows either follows easily from a corre-
sponding result for maps or at least can be obtained using similar arguments,
or requires substantial changes or even new ideas.

Indeed, some results for flows can be obtained in a more or less straight-
forward manner from those for discrete time. This is the case for example
of the basic properties of the topological pressure as well as of the lower
and upper capacity pressures that are conveniently introduced as general
Carathéodory dimension characteristics (see [20]). Indeed, in dimension
theory and multifractal analysis one needs to consider sets that need not
be compact nor invariant. In particular, it is possible to obtain formulas
for the lower and upper capacity topological pressures in terms of partition
functions and separated sets following closely corresponding arguments for
discrete time, both in the additive and in the nonadditive settings (see [8]).

On the other hand, certain results for example involving hyperbolicity
and recurrence require substantial changes. In particular, in view of work
of Bowen [14] and Ratner [21], any locally maximal hyperbolic set has as-
sociated Markov systems of arbitrarily small diameter. This essentially cor-
responds to show that one can think of the flow on the hyperbolic set as
a suspension flow over a topological Markov chain. It turns out that the
possible lack of additional regularity of the height function of the suspen-
sion flow may require extra care. Sometimes we may resort to the time-1
map (which is unavoidable when there is no hyperbolicity), but this causes
other problems. For example, in general an invariant measure for the time-1
map need not be invariant for the flow and an ergodic measure for the flow
need not be ergodic for the time-1 map. In its turn, this may require using
an ergodic decomposition with respect to the time-1 map instead of with
respect to the flow. The study of recurrence creates other problems, even
in the presence of hyperbolicity, since it is crucial to consider appropriate
distances at the level of symbolic dynamics that would not change the re-
currence times. This is a delicate problem in the case of flows (see [1, 2] for
details).

With all this in mind, in [8] we introduced a version of the nonadditive
topological pressure for flows and we described some of its main properties,
thus paving the way for a corresponding nonadditive thermodynamic formal-
ism. In particular, we established a variational principle for the nonadditive
topological pressure.

1.2. Description of the results. Here we consider a class of families for
which it is possible not only to establish a variational principle for the topo-
logical pressure, but also to discuss the existence and uniqueness of equilib-
rium and Gibbs measures, as well as to describe a quite general multifractal
analysis. This is the class of almost additive families: a family (a;);>0 is
said to be almost additive with respect to a flow ® = (¢;)¢cr if there exists
a constant C' > 0 such that

—C+ar+asop; <apys <ag+asop+C

for every t,s > 0. This class occurs naturally for example in the study of
nonconformal repellers.
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In particular, we have the following variational principle for the topolog-
ical pressure (see [9]). Let ® be a continuous flow on a compact metric
space X and let a be an almost additive family of continuous functions with
tempered variation (see Section 2.1) such that

sup |lat|lec < 0o for some s > 0. (1)
tel0,s]
Then
1
P(a) = sup <hu(<1>) + lim / ay du) , (2)

where M is the set of all ®-invariant probability measures on X. Moreover,
for hyperbolic flows one can establish the existence and uniqueness of the
equilibrium measure of an almost additive family of continuous functions
with bounded variation (see Section 5.2) as well as its Gibbs property. We
say that a ®-invariant measure g on X is an equilibrium measure for the
almost additive family a (with respect to the flow ®) if the supremum in (2)
is attained at u, that is, if

P(a) = h,(®) + tlgglo% . a; dy.
Now let A be a hyperbolic set for a C' flow ® such that ®| is topologi-
cally mixing and let a be an almost additive family of continuous functions
on A with bounded variation satisfying (1). Then there exists a unique
equilibrium measure for a (see [9] for this and other properties).

In this paper we establish a conditional variational principle for the mul-
tifractal spectra of an almost additive family, building on the construction
of equilibrium measures. Here we formulate only a particular case of our
main results.

Let a = (at)¢>0 be an almost additive family of continuous functions with
tempered variation satisfying (1). Given o € R, we consider the level set

Ka:{xeX: lim atix):a}.

t—00
We also consider the function &(a): R — R defined by
&(a) = h(P|K,).

It is called the entropy spectrum of the family a with respect to ®. Finally,
we consider the map P: M — R defined by

1
P(p) = lim - du.
=R J mde
The following theorem is a particular case of our main result (see Theo-
rem 9 that considers the more general u-dimension spectrum).

Theorem 1. Let ® be a continuous flow on a compact metric space X such
that the map p+— h,(®) is upper semicontinuous and assume that for every
s € R the family sa has a unique equilibrium measure. If a € int P(M), then
K, # (0 and the following properties hold:

(1) &(a) = max{h,(®) : p € M and P(u) = a};

(2) €(a) = min{P(qa) — g : g € R};
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(3) there exists an ergodic measure po, € M such that P(us) = «,
pa(Ko) =1 and by, (P) = E().

In addition, the entropy spectrum &€ is continuous on int P(M).

To the possible extent, we follow the proof of Theorem 3 in [5] for discrete
time, which in its turn is inspired by work in [11]. A key tool used in the
proof is the differentiability of the topological pressure under appropriate
assumptions (see Proposition 6). In particular, since sa has a unique equi-
librium measure for every s € R, the function s + P(sa) is of class C! on R.
Using this fact, for each level set K, we can find a unique measure . as
in the statement of the theorem. Moreover, the regularity of the topological
pressure allows us to establish the continuity of the spectrum.

Under the stronger assumption of the existence of a hyperbolic set A for
a C! flow ®, we also show that the irregular set

t—o0 t t—o0

has full topological entropy (see Theorem 13 for a more general statement).

Theorem 2. Let A be a locally mazimal hyperbolic set for a C' flow ®
such that ®|p is topologically mixing. If a is an almost additive family of
continuous functions with bounded variation satisfying (1) such that P(vg) €
int P(M) for the measure of mazimal entropy vg, then h(®|q)) = h(P[a).

Finally, we comment briefly on the possible relation of our work to results
of Bomfim and Varandas in [13] that combine large deviations and irregular
sets. We continue to consider a locally maximal hyperbolic set A and an
almost additive family of continuous functions a as in Theorem 2. Let v be
a $-invariant ergodic measure. By Birkhoff’s ergodic theorem we have

1
lim a(@) _ lim — [ a;dv =P(v)
t—oo T t—oo t Jp

for v-almost every « € A. For each ¢ > 0 let

A(a,v,c) = {:c € A :limsup ‘ atix) - P(v)

t—o00

)

atix) — fP(I/)‘ > c}.
Clearly, A(a,v,c) C A(a,v,c) and one can verify that

I(a) = U A(a,v,c) = UA(a, v,c).

c>0 c>0

and

Ala,v,c) = {x € A : liminf
t—o0

Therefore,
h(q)|f(a)) > h(q)’X(a,u,c)) > h(q>|é(a,u,c))

for each ¢ > 0. If further information about the sets A(a,v,c) and A(a,v, c)
was available, one could perhaps give an alternative proof Theorem 13, thus
showing that the irregular set has full topological entropy
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Now we consider the case of discrete time. When A is repeller for a C!
map f such that f|p is topologically mixing, it follows from more general
results in [13] that

h(fla) > h(f R pe)) = M @la(ape)

for every ¢ > 0, where u is the unique measure of maximal entropy for f.
It is also shown that the functions

c '_> h’(f|K(ahu?c)) a‘nd c '_> h(f|A((l,/J,,C))

are continuous, strictly decreasing and concave in a neighborhood of zero.
This additional information is crucial in order to show that the irregular
sets have full topological entropy. It would be quite interesting to find out
whether the same happens in our setting, that is, if the maps

c— h(f|K(a’yyc)) and c— h(f|A((l,l/,C))

share similar properties. Then one might be able to give an alternative proof
of Theorem 2 and of its generalizations, although the latter should depend
on appropriate cohomology assumptions for almost additive sequences.

2. PRELIMINARIES

In this section we recall a few basic notions and results that will be used
later on in the paper. This includes the notion of the topological pressure
of a family of continuous functions and the notion of u-dimension.

2.1. Topological pressure. Let ® = (¢);cr be a continuous flow on a

compact metric space (X,d). Moreover, let a = (at)i>0 be a family of
continuous functions a;: X — R with tempered variation. This means that
— v(a, e
lim T 1) _ g, (3)
e—0t—00 t
where

Yi(a,e) = sup{|as(y) — ar(2)| : y € By(w,¢) for some z € X }

and

Bi(z,e) = {y € X : d(¢s(y), ¢s(x)) < € for s € [0,1]}.
Given € > 0, we say that I' C X x ]R(J)r covers a set Z C X if

U Bi(z,e) D Z
(z,t)el

and we write

a(z,t,e) =sup{at(y) : y € Be(w,e)} for (z,t) €T.
For each 7 C X and o € R, let

M(Z,a,a,¢e) = Th_r)r;O 1r1;f (x%:er exp(a(z,t, &) — at), (4)

with the infimum taken over all countable sets I' C X x [T, 400) covering Z.
When a goes from —oo to +00, the quantity in (4) jumps from +oo to 0 at
a unique value and so one can define

P(alz,e) =inf{a € R: M(Z,a,a,e) = 0}.



6 LUIS BARREIRA AND CARLLOS HOLANDA

Moreover, the limit
P(a|z) = lim P(alz,¢)
e—0

exists and is called the (nonadditive) topological pressure of the family a on
the set Z. It was introduced in [6] following closely a corresponding notion
for discrete time (see [20]). For simplicity of the notation, we shall also write
P(a|x) = P(a).

2.2. u-dimension for flows. We continue to assume that & is a continuous
flow on a compact metric space X. Given a positive continuous function
u: X — R, we consider the family of continuous functions @ = (ut)¢>0
defined by

t
ug(x) = / (uo ¢s)(x)ds
0
for every x € X and t > 0. For each Z C X and a € R, let

NZwane) = fim i 3
(z,t)el

with the infimum taken over all countable sets I' C X x [T, +00) covering Z.
Finally, we define

dim,. Z = inf{a € R: N(Z,u,a,e) = 0}.
The limit

dim,, Z := lim dim,, . Z
e—0

exists and is called the u-dimension of the set Z (with respect to the flow ®).
It was introduced in [10] following closely a corresponding notion for discrete
time in [12]. Notice that when u = 1 the number dim,, Z coincides with the
topological entropy h(®|z) of ® on the set Z.

The following result shows how the topological pressure for flows is con-
nected with the u-dimension (and follows readily from the definitions).

Proposition 3. We have dimy, Z = «, where a is the unique root of the
equation P(—aulz) = 0.

Given a probability measure p on X and ¢ > 0, let
dimy,c p = inf{dim, . Z : p(2) = 1}.
Then the limit

dim,, p := ;g% dimy, . p

exists and is called the u-dimension of the measure p. Moreover, the lower
and upper u-pointwise dimensions of i at a point x € X are defined, respec-
tively, by
1 B
d, . (r) =lim liminf—w
Hs e—0 t—oo u(x,t, 5)

and

= log u(Bi(z,¢€))

d = lim li —
pou(w) =l lim sup === 2=
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These were introduced in [10] following closely corresponding notions for

discrete time in [12]. For an ergodic ®-invariant probability measure pu

on X, we have

(@)
Jx udn

for p-almost every x € X. These identities can be obtained as in the case

of discrete time (see [12]).

dyy () = dyyu() (5)

2.3. Almost additive families. We recall that a family a = (a¢)i>0 of
functions a;: X — R is said to be almost additive (with respect to a flow @)
if there exists a constant C' > 0 such that

—C+at+asop; < apys <ag+aso¢y+C

for every t,s > 0. Let Mg be the set of all ®-invariant probability measures
won X. We have the following result (see [9]).

Proposition 4. Let a be an almost additive family of continuous functions
with supsejo g llatlloc < 00 for some s > 0. For any measure p € Mg, the
limat

a(x) = Jim “tix)
— 00

exists for p-almost every x € X. Moreover:

(1) a;/t — a in LY(X, p) when t — co;
(2) [x(ar/t)dp — [y adp when t — oo;
(3) the function

1
Mg o pu— lim — | adu

s continuous in the weak® topology.

We also recall a variational principle for the topological pressure of almost
additive families that was established in [9)].

Theorem 5. Let ® be a continuous flow on a compact metric space X and
let a be an almost additive family of continuous functions with tempered
variation such that sup,cpo 4 llatllco < 00 for some s > 0. Then

Pla) = sup <h#(<1>)+ /X Jim ‘“ix) du(m))

MEM@ —00

1
= h,(®)+ lim — du | .
lgﬁ(A>+;gtL%ﬁQ

A measure v € Mg is said to be an equilibrium measure of the almost
additive family a (with respect to the flow ®) if

1
P(a) = hy(®) + lim T [oa dv.

t—o00 X
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3. REGULARITY OF THE TOPOLOGICAL PRESSURE

In this section we establish some regularity properties of the topological
pressure. Let A(X) be the set of all almost additive families of continuous
functions a = (a¢)s>0 on X with tempered variation such that

sup |lat|lcc < 0o for some s > 0.
tel0,s]

Moreover, let E(X) C A(X) be the set of all such families with a unique
equilibrium measure.

Proposition 6. If ¢ is a continuous flow on a compact metric space X and

the map g+ h,(®) is upper semicontinuous, then the following properties
hold:

(1) Given a € A(X), the function s — P(a + sb) is differentiable at
s =0 for every b € A(X) if and only if a € E(X). In this case, the
unique equilibrium measure pg of a is ergodic and

d . by
LPa+ sb)lomo = Jim /X " (6)

(2) Given an open set I C R, if a+ sb € E(X) for every s € I, then the
function s + P(a + sb) is of class C* on I.

Proof. We follow the proof of Proposition 4 in [5] that considers the case of
discrete time (see also [18]). It is shown in [9] that if the map p — h,(P) is
upper semicontinuous, then any family in A(X) has at least one equilibrium
measure. Take s € R and a,b € A(X). Then a + sb € A(X) and so there
exists an equilibrium measure jis for a + sb. By Theorem 5, we obtain

b
Pla+ sb) — Pla) > hyy(®) + lim / U G — Pla)
=s lim/ —d,ug
t—o0
and
Pla+ sb) — P(a) < Pla+ sb) — —tlgn/ @ qn,
by
=s lim/ —dﬂs.
Therefore,
b P b) —
lim/tduog (a+ 5b) <hm/dus (7)
t—oo [y S t—00
for s > 0 and
lim / % g > L (a+sb) = Pla) o / 2t dfi (8)
t—oo [y T S t—00

for s < 0.
Assume that the function s — P(a + sb) is differentiable at s = 0 for
every b € A(X). Moreover, assume that p, and v, are two equilibrium
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measures for a. For a continuous function ¢: X — R, we consider the family
of functions given by

c(x) = /Ot(co%)(x) ds

for t > 0 and = € X. It follows from Birkhoff’s ergodic theorem that

lim/ Ctdu—/cd,u

for each yu € Mg. Since the map s — P(a + sb) is differentiable at s = 0,
it follows from (7) and (8) that

/Cdﬂa—tg%lo/ *dﬂa

— tim P(a+ sc) — P(a)

s—0 S
. Ct
= lim —dy, = cdy,,.

The arbitrariness of ¢ guarantees that p, = v, and so a € E(X).
We continue with an auxiliary result.

Lemma 7. If jis, — p when n — oo for some sequence s, — 0, then p is
an equilibrium measure for a.

Proof of the lemma. 1t follows from Theorem 5 that

P(a) > hu(®) + lim % a d. (9)

t—o00 X

Moreover, the map

1
v h,(®)+ lim — [ a;dv

t—00 X

is upper semicontinuous (see [9]). Therefore,

1
hyu(® )+hm¥ a dp

t—o0 X

1
S 13 . .1 _
> lim sup (hMSn (®) + tlgrolo " /X at d,usn>

n—oo

n—oo

. .1 _ .1 ~
= lim sup <hM5n (®) + tliglo n X(at + spbe) dits, — sp tllglo n /X by dusn>

1
= lim sup <P(a + spb) — s, lim = [ by dﬁsn> .

n—00 t—oo t X

(10)
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On the other hand, we obtain

1
P(a+ spb) = sup <hu(<1>) + lim = [ (a; + spby) du)

1
> sup (h o +lim/ad,u>
HEMp “( ) t—oo t X t
1
— sup (—sn lim / btdu>
1

= P(a) — sup (—sn lim = [ b du) .
tJx

wEMp t—o0

(11)

Now we observe that since the family b is almost additive, we have
16 oo < [t (N1 [0 + C) (12)

for every t > 0, where [-] denotes the integer part. Hence, for every p € Mg
and ¢ > 0 we have

big ‘ 1614 ll oo
gl < < |61/l + C =: D.
‘/x 7 g <l

This implies that

1 1
—8p lim — [ bydp = —s, lim / b dp < [sn|D.
] Jx

t—oo t [y t—00

Similarly,

1
—s, lim n by dfis, > —|sn|D
X

t—o00

for every n € N, and it follows from (10) and (11) that

t—o0

1
hy(®) + lim 7o dp > P(a) — 2|sy|D.
X
Letting s, — 0 gives

1
hu(®) + lim Y dp > Pl(a)

t—o00 X

and it follows from (9) that

1
hu(®) + lim ;[ a dp = P(a).

t—o00 X

In other words, u is an equilibrium measure for a. O

We proceed with the proof of the proposition. Take a € E(X), b € A(X)
and s € R. Let is be an equilibrium measure for a 4+ sb and let p, be the
unique equilibrium measure for a. Since a € E(X), it follows from Lemma 7
that fis — pg when s — 0. By (7) and (8), we obtain

P(a+ sb) — P(a) ~ lim 1 by d
¢ t as

d .
gP(a + 8b)|s=0 = lg%
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which establishes identity (6). Now we show that p, is ergodic. Otherwise
it would exist a ®-invariant measurable set Y C X with 0 < pq(Y) < 1. We
consider two ®-invariant probability measures v; and v defined by

_ paANY) _ HaAN(X\Y))
palY) Ha(X\Y)

for every measurable set A C X. Then

o (®) = hyuo (01) = p1a(Y)huy (1) 4 (X \ Y ) oy (1)

vi(A) and vy(A)

and
/ ag djg = ua(Y)/ a; dvy, / ag dpg = pa(X \ Y)/ a¢ dvs
Y X X\Y X

for every t > 0. We obtain

Pla) = by (®) + Jim 7 [ ard,
= Ma(y)hzﬂ (@) + Na(X \ Y)hzlz ((I))

1 1
+MQ(Y)tgxgot/)(ath1+ﬂa(X\Y) tlggot/xatdug

1
< max{hyj (®)+ lim - [ a dl/j} < P(a).
X

j=1,2 t—oo t

This implies that either vy or vy is an equilibrium measure for a and so it
must be equal to p,. By construction, v; # p, for ¢ = 1,2. Therefore,
e must be ergodic, which establishes the first statement in the proposition.

Now we prove the second statement. Let I C R be an open set such that
a+ sb e E(X) for every s € I. For each o € I, we have

d
D(o) : = %P(a + 5b)|s=c

= P+ b+ (s~ 0)|somo (13)

1
= lim - bt dptg1ob

and so the function s — P(a + sb) is differentiable on I. For a sequence
(0n)nen in I such that o, — 0 when n — oo, it follows from (13) that

t—o00

.1 1
D(oy) = lim . bt dptatonp = lim n /X bt ditatobt(on—o)b-

On the other hand, by item (3) in Proposition 4, the map

t—o0

1
F(u) = lim / be dp
tJx
is continuous on Mg and since o, — o, it follows from Lemma 7 that

nli_{goF(ua—l—ab-‘r(Un—a)b) = F(Ma—i—ab)'
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Therefore,
. ) o1
e
= nh_?go F(Ma-i—o‘b—i—(an—a)b)
1
= Fltara) = Jim 7 [ bidtaror = D(o)
and so the derivative is continuous. O

4. MULTIFRACTAL ANALYSIS

In this section we obtain an almost additive multifractal analysis for flows.
Let a = (at)i>0 and b = (b;)s>0 be almost additive families of continuous
functions in A(X) (see Section 3). We assume that
b
lim inf (2)
t—00 t

>0 and b(z)>0 (14)

for every x € X and t > 0. Given a € R, we consider the level set

K, = {x € X : lim &) _ a}. (15)

t—o0 by(x)

Proposition 8. For every x € X and s € R we have

@) a(6()

s L@y~ RSP g (@) (16)
and

lim inf &) _ Jiy g 2(9s(). (17)

t—oo  by(x) t—oo by(¢s(7))

Proof. Since a and b are almost additive families with respect to ®, there
exists C' > 0 such that

—C + a1—5(¢ps(x)) + as(x) < ar(z) < as(x) + a—s(ps(z)) + C
and

—C + b—s(ds(z)) + bs(z) < be(x) < bs(2) + b—s(ds(x)) + C
forallt>s>0and z € X. Hence,

lat(r) — ar—s(ds(z))] < SFP] latlloo +C =171 <00 (18)
te|0,s
and
|be(x) — bi—s(ds(2))] < 51[1p] 1bt]]oc + C =: 12 < 0. (19)
tel0,s

By the first inequality in (14), we have liminf;_,o bt(z) = 400 for all z € X.
Together with (18) and (19), this implies that

ar(z) _ ar-s(¢s(@)) + 11 ar-s(ds(2)) N 1
be(z) = bis(ds(w)) =12 bis(s(x)) =12 bis(@s(x)) — 12

and

at—s(¢s(x)) — T at—s(gés(l‘)) T

a(z) S _ _
be(x) = b—s(ds(2) + 72 bis(ds(@)) + 12 bi—s(Ps(x)) + 72
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for any sufficiently large ¢ > 0. Letting ¢ — oo we obtain

. ar(z) . ar—s(ps(x)) ai(¢s(x))
s @)~ P (@) P b)) )

cear(r) o as(Bs(@) L a(9s())
lim inf = liminf —————= = liminf ———=. 21
e R T N ) B e e M
Now take s < 0 and let y = ¢5(x). By (20) and (21) with 2 and s replaced,
respectively, by y and —s, we have

and

. ar(y) . ar(d—s(y))
lim su = limsup ———=%
el bi(y) e be(—s(1)
and
lim inf a(y) = lim inf 76%(?1)75 (v)) .
tmoo by(y)  tmoo b(d-s(y))
Since ¢_s(y) = x, these identities yield (16) and (17) for s > 0. O

It follows readily from Proposition 8 that ¢s(K,) = K, for every s € R.
In other words, the level sets are ®-invariant.

Now we consider the function F,(a): R — R defined by

Fu(a) = dim,, K.

It is called the u-dimension spectrum of the pair (a,b) with respect to ®.
We also consider the map P: Mg — R defined by
Mmoo i fyardp [y acdp

liHli&%oo % fX bt d,UJ f—oo fX bt dlu' ‘
By Proposition 4, this map is continuous and since Mg is compact and

connected, the image P(Mg) is also compact and connected.
The following theorem is our main result.

P(p)

Theorem 9. Let ® be a continuous flow on a compact metric space X such
that the map p— h,(®) is upper semicontinuous and assume that

span{a,b,u} C E(X).
If o ¢ P(Mg), then Ko = 0. Moreover, if a € int P(Mg), then K, # () and
the following properties hold:
(1) Fu(a) satisfies the variational principle
hy,(®
Fula) = max{ u(®)
Jx wdp
(2) Fula) = min{Sy,(,q) : ¢ € R}, where Sy(«,q) is the unique real
number such that
P(q(a— ab) = Su(a, q)u) =0

(3) there exists an ergodic measure o € Mo such that P(u) = «a,
to(Kq) =1 and

tpu € Mg and P(p) = a}; (22)

Mo ®)
T wdne Fula). (23)

In addition, the spectrum F, is continuous on int P(Mg).

dimy, po =
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Proof. We follow the proof of Theorem 3 in [5] that considers the case of
discrete time.

Lemma 10. If o € P(Mg), then

;gﬂgp(q(a — ab) — Fy(a)u) > 0.

Proof of the lemma. Take § > 0 and N € N. We define the set
Dsn ={z € X : |as(z) — aby(z)| < 0t for t > N'}.
Write 7 = sup,¢jo 1] [|bs|/oc + C. Note that

. ay(T) N
LS b(z) (24)

for z € K, and given d > 0, there exists NV € N such that
at(z) Kl
bi(x) 2r
for every t > N. Since b is almost additive, it follows from (12) that
be(x) < bpy(x) + by (dpy(x)) + C
< [H([b1lloc +C) + 7 (26)
< [tlr+r < 2tr

for every x € X and ¢t > 0. By (25) and (26), we obtain
0|be(x
lac(z) — aby(z)] < 22

2r
Therefore x € Ds y and

< dt.

Ko () U Dsw-

6>0 NeN
By property (3), for each § > 0 we have

i 24%2)
t—ro0

for any sufficiently small € > 0. Therefore, v;(a,e)/t < ¢ for large ¢ and so

|ax(2) — ai(y)| < ot
for every z,y € B(Z,e). This implies that

la(Z,t,e) —ar(y)| < sup  fai(2) — ai(y)| < ot
ZGBt(E,E)

and, similarly,
|b(T,t,e) — be(y)| < ot,
for T € X and y € By(7,¢). Given ¢ € R and y € B(T,e) N Ds v, we have
— lla - ab)] (@, ,¢) < |g| - |a(E t,€) — ab(E £,¢)|
<lql-la(z,t, ) — a(y)| + la| - lar(y) — abi(y)]
+ lq| - lab(z,t, €) — aby(y)|
< lq|dt + |q|6t + |q| - [a|dt = (2 + |af)|q|dt.
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Letting v = —F,(a)@, we obtain
(T, t,e) = At = [v+gla — ab)] (T, t,¢) — [q(a — ab)] (T, t,e) — At
< [v+qla—ab)](F,t,e) — [A = (2 +al)lqlo]t
for every A € R. Consider a set I' C X x [N, +o00) covering Ds y such that
Bi(z,e) N Ds n # 0 for every (x,t) € I'. Then
Z exp (v(T,t, &) — At)
(z,t)el

< Y exp(fv+gla—ab)](z,t,e) — [\ = (2+|al)|gld]t).
(z,t)el’

Taking the infimum over all countable sets I' C X X [NV, 4+00) covering Ds n
and letting N — co, we obtain

M(Dsn,v, A e) < M(D(;,N, v+ qla—ab),\— (2+ |a|)|ql|d, 5).
Therefore,
P(v|p; y:€) < P([v+qla—ab)] by, €) + (2 + |al)|qld
and letting € — 0 we conclude that
P(vlp; ) < P([v+gla —ab)] |p; x) + (2 + |al)|gld

for ¢ € R and § > 0. Now we observe that by Proposition 3, P(v|g,) = 0.
On the other hand, if Z; C Zs, then P(c|z,) < P(c|z,) and for any countable
family of sets Z;, for j € N, we have

Pely, i) = iggP(CIZj),

for any family of continuous functions ¢ = (¢;)¢>0 with tempered variation
(see [8]). Hence,

0=P|g,) < P(U|UNGND5,N) = ]%%%P(MDJ,N)

< sup P([v+g(a = ab)]|p, x) + (2 + [a])lql0
NeN

< P(v+q(a—ab)) + (24 |al)|q|d
for every 0 > 0 and g € R. Since 9 is arbitrary, we finally obtain
P(g(a — ab) — Fy(a)u) >0
for every g € R. (|
Lemma 11. If a € int P(Mg), then

in P —ab) —F,(a)u) =0
min P(g(a — ab) — Fu(@)a)
and there exists an ergodic equilibrium measure o, € Mg with P(uy) = a,
to(Ky) =1 and
hy, (®
dimy, po = o (®). = Fu(a).
fX udfie
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Proof of the lemma. Denote by r the distance from « to R\ P(Mg) and let
L(q) = P(q(a — ab) — Fy(a)u)
for every ¢ € R. For 8 € R with 8 = a + r(sgnq)/2, we have

_|r(sgnq)
|B - Oé| - 9 5 <r

which implies that § € P(Mg). This implies that there exists p € Mg
satisfying

r

hmt—>oo t fX ay d/”’
( = B,
hmt—)oo T fX bt d/"L
that is,
.1 o1
i 7 [ = i 7 [ oo &)

Note that the family g(a —ab) — F,(a)u is almost additive and has tempered
variation. Since

sup [|allec <00,  sup [|blloc <00,  sUP f|utlloo <00
te[0,s] te[0,s] te[0,s]

for some number s > 0, we also have

sup ||q(a; — aby) — Fy(a)ug)|oo < 0.
te(0,s]

It follows from Theorem 5 that
1
L(q) > hy(®) + lim / [q(ar — aby) — Fy(a)u] dp

1 1 (28)
= h,(® )+tli>nolotq/x(at_abt)d“ Fula )tIEBOE Xutd,u.
Since
sgn q)r r
q/ (B —a)brdu = Q(gq)/ b dp = ‘q'/ be dp,
X 2 X 2 Jx
we have
161/ (ar — aby) dp = IQ/( — Bby) dp+ —— lair / be dp.
t7 )y t 2t
Finally, letting ¢ — oo and using (27), we obtain
1 T
tliglo tq/X(at—ozbt)d ]q\ hm / by dp (29)
By Birkhoft’s ergodic theorem, we have
.1 1t
tlgglo; Xutdu:/thgcr)lot/o (uogf)s)dsdu:/xudu
and since h,(®) > 0, it follows from (28) and (29) that
lglr . 1
L(q) > 5 tliglog th dp — Fy(a) Xudu. (30)

On the other hand, by (14) we have

1
lim — [ bsdp > 0.
tJx

t—o00
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This implies that the right-hand side of (30) takes arbitrary large values for
lg| large and so there exists ¢ > 0 with L(q) > L(0) for ¢ € R with |¢| > .

Since span{a,b,u} C E(X), by Proposition 6 the function ¢ — L(q) is
of class C'. Therefore, L attains a minimum at some point ¢ = g(a) with
lg(a)| < gand so (dL/dq)(g(c)) = 0. Now let p, be the equilibrium measure
of the family g(a)(a — ab) — Fy(a)u. Again by Proposition 6, we have

d .1
0= ZgL@lg=qe = Jim & | (ar = abe) dpe (51
and thus,
My o0 1 [ ardp
) = oo _
Mt 00 3 fX bt dlu'oé
Moreover,

L(g(@)) = P(g(a)(a — ab) — Fy(a)a)

1 1
= huo (®) + lim — [ (a; — aby) dpa — Fu(a) lim — | wgdpg

t—oo t X t—oo t X

= hy (®) — Fu(a) /X wdfhy.

It follows from Lemma 10 that L(g(a)) > 0 and so

hy, (®
Jx wdpa
Proposition 6 also says that p, is ergodic and so it follows from (5) that
hy, (®
dimy, po = M (33)
Jx wdpa
By (31) and Proposition 4, we have p,(K,) = 1. This implies that
dimy, g, < dimy, K, = Fu (@),
which together with (32) and (33) gives dim,, 1o = Fy (). Hence,
min P (g(a — ab) — Fy(a)u) = L(q(w))
qeR
=h,, (P) — Fyu(a /ud,ua
o (P) (@) i (34)
P (@
= hy, (¢ — @ /udua:O,
pa(P) fX udpe Jx
which yields the desired statement. U

We proceed with the proof of the theorem. Take o € R such that K, # 0.
Given z € X, we consider the family (j4.+)i~0 of probability measures on X
defined by

1 t
Pt = t/o O () A5,

where §, is the probability measure concentrated at y. Let V(x) be the set
of all sublimits of this family in the weak* topology. Then () # V(z) C M.
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For each p € V(z) there exists an increasing sequence (t,)nen such that
at, (z) b, ()

n n

(see [9]). It follows from (24) and (35) that

dp  limy e d
Py = Jim S0 T ifX G _ Yy 912 (2)
=00 [y bedp  limy oot [y bedp oo by, (x)

which shows that a € P(Mg).
Now take a € int P(Mg) and p € Mg such that P(u) = a. By Proposi-
tion 4, the map

1
= lim - | a;dp and lim
t—oo ¢ Jx n—00

lim
n—o00 t—o00

1
— lim - [ bidu (35)
tJx

:O[7

t—o0

1
p— lim — utd,u:/udu
tJx X

is continuous and by hypothesis, the map p — h,(®) is upper semicontinu-
ous. Therefore, the function p +— h,(®)/ [y udp is upper semicontinuous.
Since P is continuous and Mg is compact, there exists the maximum in (22).
By Theorem 5 and Lemma 11, we have

0= ;Ielﬂgp(q(a —ab) — Fy(a)u)

. .1
> ;gﬂf@ {hu(@) + tli)rgo - X[q(at — aby) — Fu(a)uy] du}.

It follows from P(u) = « that

1
lim — [ (a —aby)dpu=0

and so
1
S T
0> ;Iellf&{hu(q)) tlggot Xffru(a)ut du}
1
= hu(®) — Fu(a) tlgélo . ug dp
= hu(®) — ?u(a)/ udp.
X
Hence,
hy(®
Fula) > hu(®) (36)
Jx wdp

Again by Lemma 11, there exists an ergodic equilibrium measure pu, such
that P(pa) = @, pa(Ky) =1 and

Together with (36) this yields identities (22) and (23). In particular, K, # 0.
Now we establish property 2 in the theorem. By (34), we have

P(q(e)(a — ab) — Fy(a)u) = aneiélp(q(a —ab) — Fy(a)u) =0,

which gives
Fule) = Sy(a, g(a)) > igﬂg{Su(a,q) :q € R}.
q
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On the other hand, by the definition of S,, and again by Lemma 11, we
obtain
P(g(a — ab) — Su(a, q)u) =0 < P(g(a — ab) — Fy(a)u)

for every ¢ € R. Let p, be the equilibrium measure of g(a — ab) — F, (o).
Then

0 < P(g(a — ab) — Fy(a)u) — P(q(a — ab) — Su(e, q)ut)
< P(q(a — ab) — Fu(a)a)
1
[ )+ tlgglo n X[Q(at — aby) — Su(a, q)uq] dﬂq]
1

= by (@) + Jimn + [ [qlar — ab) — Fuo)ud dyty — b, (9)

.1 .1
- Jim 5 [ la(or = bl dug + S,(0,0) Jim ¢ [ g

|
— [Sulav) = Fu(e)] Jim 7 [ vid
= [Su(a,q) — Fu(a)] /Xuduq.

Since u > 0, we obtain Sy (o, q) — Fy(a) > 0 for every ¢ € R. Therefore,
Fule) < inf{S,(a,q) : ¢ € R}.

Finally, we show that the spectrum is continuous. Given « € int P(Mg),
let (apn)nen be a sequence in int P(Mg) converging to o. Given n € N,
take g, € R such that F, (o) = Su(an,qn) and take g(a) € R such that
Fu(a) = Su(a, q(a)). By the second property in the theorem, we have

Fulan) = min Sy (an, q) < Sy(an, g(a)). (37)
qeR
On the other hand, by Proposition 6, the function

(Q7 a,p) = P(Q(a - O[b) - pﬂ)

is of class C'! and by the Implicit function theorem, («, q) — Sy (a, q) is also
of class C'. It follows from (37) that

lim sup F, () < hmsupS (an, q(@)) = Su(a, q(a)) = Fu(a).

n—oo

Moreover, since ¥, (a) is a minimum, we have

Fu(a) = min Sy (a, q) < Syu(a, gn)
qeR

for every n € N and so

Fula) < lini}inf Su(an, gn) = liminf F, (o).

n—oo
This completes the proof of the theorem. O
We are not aware whether the ergodic measures p,, satisfying (23) that are

constructed in the proof are unique under reasonable general assumptions.
Any such assumptions on this respect would be quite welcome.
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5. APPLICATIONS OF THEOREM 9

In this section we describe a few classes of flows and of almost additive
families of continuous functions to which Theorem 9 applies. We start by
introducing the notions of hyperbolicity and Markov system.

5.1. Hyperbolic sets and Markov systems. Let ® be a C' flow on a
smooth manifold M. A compact ®-invariant set A C M is called a hyperbolic
set for ® if there exists a splitting

TAM = E*® E* @ E°

and constants ¢ > 0 and A € (0,1) such that for each x € A:
(1) the vector (d/dt)¢s(z)|i=o generates E°(x);
(2) for each t € R we have
de B (2) = E*(¢4(x))  and  dpd B (x) = E*(¢4());

(3) |ldedrv| < eXY||v]| for v € E*(x) and t > 0;
(4) ||dzp—1v]| < cA||v|| for v € E¥(z) and t > 0.

Given a hyperbolic set A and ¢ > 0, for each z € A let V*¥(z) and V¥(z) be
the largest connected components of the sets

A’(z) = {y € B(z,¢) : d(¢+(y), d¢(x)) \y 0 when t — +o0}

and

A%(z) = {y € B(z,e) : d(#4(y), 6e(x)) \ 0 when ¢ — —oo}

that contain z. Given a locally maximal hyperbolic set A (this means that
A = Vier ¢¢(U) for some open neighborhood U of A) and a sufficiently small
e > 0, there exists 0 > 0 such that if z,y € A satisfy d(z,y) < J, then there
exists a unique ¢t = t(x,y) € [—¢, €] such that

[z,y] := V3(de(x)) NV (y)

is a single point in A.

Now we recall the notion of a Markov system. Consider an open smooth
disk D C M of dimension dim M — 1 that is transverse to ® and take = € D.
Let U(z) be an open neighborhood of x diffeomorphic to D x (—¢,¢). We
say that a closed set R C AND is a rectangle if R = int R and 7p([z,y]) € R
for x,y € R. Now consider rectangles Ry, ..., Rx C A such that

RiNR; =0R;NOR; fori#j

and let Z = Ule R;. We assume that A = J;c(o . ¢+(Z) and that either
Ge(Ri)NRj =0 foralltel0e]

or
Ht(Rj))NR; =0 foralltel0e]

whenever i # j. We define a function 7: A — R{ by

7(x) =min{t > 0: ¢(z) € Z}
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and a map T: A — Z by T(x) = ¢r(y)(z). The restriction Tz of T' to Z is
invertible and 7" (z) = ¢, (»)(z), where

n—1 '

(@) = Y 7(T'(x)).

i=0

The collection Ry, ..., Ry is said to be a Markov system for ® on A if
T(int(V?(z) N R;)) C int(V*(T'(x)) N Ry)
and
T (int(V*(T(2)) N R;)) C int(V*(z) N R;)
for every x € int T(R;) Nint R; and 4,5 = 1,...,k. By work of Bowen [14]
and Ratner [21], any locally maximal hyperbolic set A has Markov systems
of arbitrarily small diameter and the function 7 is always Holder continuous
on each domain of continuity.
Given a Markov system Rq,..., R for a flow ® on a locally maximal

hyperbolic set A, we consider the k& x k matrix A with entries

Lot if intT(R;) N R; # 0,
Y10 otherwise.

We also consider the set
Yuq= {(‘~-i_1i0’i1"‘)2ainin+1 =1 fOI'nGZ} C {1,...,k}Z

and the shift map o: ¥4 — ¥4 defined by o(---ig---) = (---Jjo---), where
Jn = int1 for each n € Z. Finally, we define a coding map w: ¥4 — Z by

m(-evige--) = m Ri . .i,,
nez
where R; ..., =(\o_, T, Yint R;,. The following properties hold:
(1) roo=Tom;
(2) m is Holder continuous and onto;

(3) 7 is one-to-one on a full measure set with respect to any ergodic
measure of full support and on a residual set.

Now let i be a Tz-invariant probability measure on Z. One can show
that p induces a ®-invariant probability measure v on A such that

s Sz J5 (g 0 6:) () ds dp
A f 7T du

for any continuous function g: A — R. Moreover, any ®-invariant probabil-
ity measure v on A is of this form for some Tz-invariant probability measure
won Z. Abramov’s entropy formula says that

(38)

R (39)
By (38) and (39) we obtain
A

where I,(z) = fOT(x) (g o ¢s)(x) ds.
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5.2. Examples. In this section we describe two scenarios to which Theo-
rem 9 applies: locally maximal hyperbolic sets and suspension flows over
expansive maps with specification.

For the second scenario, we need to recall the notion of a suspension flow.
Let T: X — X be a homeomorphism on a compact metric space and let
7: X — RT be a Lipschitz function. Consider the space

W={(z,s) e X xR:0<s<7(x)}

and let Y be the set obtained from W identifying (z,7(x)) and (T'(z),0)
for each x € X. Then a certain distance introduced by Bowen and Walters
in [16] makes Y a compact topological space. The suspension flow over T
with height function 7 is the flow ¥ = (¢)er on Y with the maps ¢y : Y — Y
defined by ¥ (x,s) = (x,s+t). We note that the identities in (38), (39) and
(40) still hold for suspension flows (with A and Z replaced, respectively, by
the sets Y and X).
Now we present two scenarios to which Theorem 9 applies.

Locally maximal hyperbolic sets. If A is a locally maximal hyperbolic set for
a C! flow ® such that ®|, is topologically mixing, then the entropy map
p = h,(®[p) is upper-semicontinuous. Moreover, if the almost additive
families of continuous functions a and b have bounded variation and w is
Holder continuous, then Theorem 12 in [9] shows that span{a,b,u} C E(A).
We recall that a family of functions a is said to have bounded variation if
for every xk > 0 there exists € > 0 such that

las(z) — at(y)| < k whenever y € By(x,¢).

Suspension flows over expansive maps with specification. Let X = (X, d)
be a compact metric space and let T': X — X be a continuous expansive
map with the specification property. We recall that a map T is said to be
expansive if there exists ¢ > 0 such that if d(T"(z), T"(y)) < ¢ for all n > 0,
then z = y. Moreover, a map T is said to have the specification property
if for each ¢ > 0 there exists m = m(e) € N such that given intervals
I; = [aj,b;] with a;j,b; € N for j =1,...,k such that

d(I;, I;) > m(e) whenever i # j

and given points x1,...,x;r € X there exists z € X such that
d(TPT% (), TP(z4)) < €
forp=0,...,b; —a; and j = 1,..., k. Examples of continuous expansive

maps T with the specification property include for example repellers, locally
maximal hyperbolic sets and topological Markov chains.

Now let ® be a suspension flow over such a map T'. Then ® is an expansive
flow and so the entropy map p +— h,(®) is upper-semicontinuous. Moreover,
if the almost additive families of continuous functions a and b as well as w
have bounded variation, then one can show that span{a,b,u} C E(X).

5.3. Cocycles and top Lyapunov exponent. Let ® = (¢;);cr be a con-
tinuous flow on a compact metric space M. Moreover, let GL(d,R) be the
set of all invertible d x d matrices. A continuous map A: Rx M — GL(d,R)
is called a linear cocycle over ® if for all t,s € R and « € X we have:
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(1) A(0,z) = 1d;
(2) A(t+ s,z) = A(s, () A(t, x).
We shall always assume that all entries a;;(t, z) of A(t,z) are positive for
every (t,z) € R x M. Moreover, for definiteness we shall consider the norm
on GL(d,R) defined by ||A] = szzl |a;j|, denoting by a;; the entries of A.
Now we consider the family of functions a := (a;);>0 defined by

ar(z) = log [|A(t, z)|.
Proposition 12. The sequence a is almost additive with respect to ®.

Proof. To the possible extent, we follow the proof of Lemma 2.1 in [17].
Take sp > 0. Since the map (¢, x) — A(t, x) is continuous, we have

sup [l A(t, z)| < oo,
(t,x)eN

where N = [0, so] x M. Together with the assumption that all entries of the
matrices A(t, ) are positive, this implies that

min a;;(t,x) >0 and max a;(t,x) < oo
(t,x)eN (t,x)eN

for all 4, j. Hence, there exists K > 0 (possibly depending on sg) such that

. min; z)en a;i(t, ) K
max gyen aki(t, )

for all ¢, j, k,l. Then
a;j(t,x) > c(JA(t,z));; foreachi,j=1,...,d,

where ¢ = K/d and where J is the d x d matrix with all entries equal 1.
Now note that

A(t,z) = A(t — so + so, x) = A(so, ) A(t — so, Ps, ().
Hence, denoting by z the d x 1 vector with all entries equal to 1, we have
[A(t + s,2)[| = [[A(s, ¢¢(x)) A(s0, ) A(t — s0, Pso ()]
> [[A(s, ¢¢(x))c A(so, ) A(t — s0, ¢sy ()|
= c[|A(s, ¢u(x)) JA(t, z)|
= cz' A(s, ¢ () JA(L, )z
= (2" A(s, ¢y())2) (2L A(t, 1) 2)
= c|[A(s, ¢u(2))]] - | A(t, )|
Then
log |A(t + s, z)|| = log c + log || A(s, ¢r(2))[| + log | A(t, )
and since K < 1, we obtain C' = —logc¢ > 0. On the other hand, we have
JAG + 5,2) | < [ A(s, éu(@)]l - AL, 2)]
for every t,s € R and x € M. Therefore,
—C + at(x) + as(de(z)) < ars(x) < ar(x) + as(Pe(z)) + C
for every t,s > 0 and z € M. O
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Following [7], we say that A has tempered distortion if
1
lim sup . logsup {||A(t,2)A(t,y) '] : 2 € M and z,y € By(z,e)} =0
t—o00

for some ¢ > 0. Moreover, we say that A has bounded distortion if
sup {|A(t,z)A(t,y) || : 2 € M and z,y € By(2,¢)} < 00

for some € > 0. Clearly, bounded distortion implies tempered distortion.
Now observe that

1At @) A(t,2) | = 1d]| = d
for every (¢,z) € R x M, which implies that
1A, )7 > dl| At )] 7

Therefore,
-1 K -1
1A 2) AR y) 7l 2 AR @)1 - 1A% )
> K| A(t, )| - At )l

and so
|log [|A(t, z)|| —log [ A(t,y)[|| < —log K +log | A(t, =) A(t,y) |
In particular, for z € M and € > 0 we have

sup ag(x) — ar(y)| < —log K +log  sup  [|A(t, 2)A(t,y) "'
z,yEBi(z,€) z,y€EBi(z,€)
Hence, if A has tempered distortion, then a has tempered variation, and if
A has bounded distortion, then a has bounded variation.

For a specific example, one can consider a C! flow ® on a compact set
M C R? such that for every t € R and € M the matrix d,¢; has only
positive entries. Then A(t,x) = dy¢¢ is a linear cocycle over ® and the
family a defined by a;(x) = log||d,¢¢|| is an almost additive family of con-
tinuous functions with respect to ® (by Proposition 12). In particular, for
the family b defined by b; = ¢, the set K, in (15) is a level set of the top
Lyapunov exponent for the flow ®. Thus, in this case Theorem 9 can be
applied to give a multifractal analysis of the top Lyapunov exponent.

6. IRREGULAR SETS

In this section we study the u-dimension of the irregular sets obtained
from almost additive families of functions on locally maximal hyperbolic sets.

Let A C M be a locally maximal hyperbolic set for a C! flow ® such
that ®|, is topologically mixing and let u be a Holder continuous function
with Pg(u) = 0. Moreover, we consider two families of continuous functions
a,be A(M).

Given a Markov system Ry,..., Ry for & on A, let Z = Ule R; and
consider the associated map Tz introduced in Section 5.1. We also consider
the sequences of functions ¢ = (¢, )pen and d = (dy,)pen on Z defined by

Cn(.%') = a‘rn(x)(‘r) and dn(x) = an(a:) (.73)
for every x € Z and n € N. The families of functions ¢ and d are almost
additive with respect to the map T (see Lemma 9 in [9]).
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We also consider the irregular sets given by

C’cpz{xEA lim inf 2 as( )<l upat<$)}

t—oo  by(x) t—oo  bi(T)

and

n—oc dn () n—oo n()

Cr, = {x € Z : liminf cn(®) < lim sup cn(2) }
x
Since the coding map 7 : ¥4 — Z is onto, we have 7(Cy) = Cr,, where

=<w 1m1n 7( om)(w) im su (en 0 m)(w)
Cb“{ e f«iowxw><1n6mp«zowxw>}

The following theorem is the main result of this section.

Theorem 13. Let A C M be a locally mazimal hyperbolic set for a C' flow
O such that ®|p is topologically mixing and let u be a Holder continuous
function with Py(u) = 0. If a,b,u € A(M) are families of continuous
functions with bounded variation such that P(v,,) € int P(Mg) for the unique
equilibrium measure v, for u, then

dim,, Ce = dim,, A.

Proof. By (40), if Pg(u) = 0, then v, is the unique equilibrium measure
for w if and only if the induced measure p, on Z is the unique equilibrium
measure for I,,. Since every linear combination v of the families a, b and @
has bounded variation and satisfies sup,cg ) [vt[|cc < oo for some s > 0,
it follows from Theorem 12 in [9] that span{a,b,u} C E(M).

We continue with an auxiliary result.

Lemma 14. For every x € Z we have

. ai(z) cn(2)
lim su = limsu 41
t%oop bt(x) n—>oop dp, (37) ( )
and
tim inf 2% _ i g ) (42)
t—o0 bt(gj) n—00 dn(x)

Proof of the lemma. For each ¢ > 0 there exists a unique n € N such that
Tn(z) <t < Tpt1(z) and so t — 7, (z) € [0,sup 7). Since the families @ and b
are almost additive, there exists C' > 0 such that

—C 4 a7y (0)(®) + Ay () () < (@) < a7, (0)(T) + Qprp ) (7) + C
and

—C + by (2) () + bty () (%) S 0e(2) < by () (2) + by (1) () + C
This implies that

‘at(qr) - aTn(m)(x)’ < sup as|leo +C = q1 < 0 (43)
s€[0,sup 7]
and
06(2) — by @)] < sup [bslloo +C =gy <00, (44)

s€[0,sup 7]
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It follows from (14), (43) and (44) that

a(r) _ @) (z) a
bt(x) - an(ac) (1’) — Q2 bm(:v) (ZL') —q2

and

bi(@) ~ by (@) + @2 bry@) (@) + @2
for all sufficiently large n. Finally, since t — oo implies n — oo (7, () — 00)
and vice-versa, we conclude that (41) and (42) hold for every x € Z. O

a(x) > Qr, (z) (z) q1

It follows directly from Proposition 8 that the set Cg is ®-invariant. By
Lemma 14 and again by Proposition 8, we obtain

. Cn (Tz($)) . Cn (IE)
limsup —————% = limsu
n—)oop dy, (TZ((L')) n—)oop dp (IE)
and
lim inf en(Tz(2)) = lim inf en(2)

n—00 dn(TZ(gj)) T oo dn(x)7
which implies that the set Cr, is Tz-invariant.

We also recall the notion of u-dimension for maps. Let f: X — X be a
continuous map and let V be a finite open cover of X. Given k € N, we
denote by W (V) the collection of strings (V1, Va, ..., Vi) of elements of V.
For each V' € Wg(V), we consider the open set

XV)={zeX :2eWV,f(z) € Va,.... " (x) € Vi }.

Let u: X — R be a positive continuous function. Given B C X and a € R,
we define

where

and with the infimum taken over all collections I' C >, Wi(V) such that
B C Uyer X (V). We also define

dim, vy B =inf{a € R: N(B,o,u,V) = 0}.
One can show that the limit

dim, B= lim dim,vyB
v diamV—0

exists and we call it the u-dimension of the set B with respect to f. Anal-
ogously, for X = Z and a subset B C Z, we define

m(R)—1
N, (B) = lim inf Z exp (—a sup Z IAT%(:C))),

where each I is a cover of B by sets Rj...;,, = ﬂﬁo Tgl int R;, with m > 1.
Given B C Z, let

Sp={y=¢s(x) €A:x € Bandsecl0r(z)}
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Lemma 15. For any set B C Z we have
dim, Sp = inf{a € R: No(B) = 0}.

Proof of the lemma. For every x € A and n € N, we have

/OT"(QC(uoqss ds—Z/TkH (uo ¢,)(z)ds

n—1

(T4(@))
= /0 (w0 ) (TH(x))ds (45)

k=0

~ Y (Lo ()
k=0

Given t > 0, there exists a unique n € N such that ¢t = 7,(x) + & for some
k € [0,sup 7). Hence, it follows from (45) that

n—1

/Ot(uo¢s =Y TuoTH)(z

k=0

[ o siaas- [ " o g @)ds

t
/ (uops)(x)ds
7n ()

U Bt(:U,E) O Sp.
(z,t)el
For each (z,t) € I' take w = (---ip(x)---) € ¥4 with m(w) = z. Moreover,
let R(xz) = Rig (2)-vvipy 0 () Where m(x) € N is the unique integer such that
t = Ti(z)(z) + & for some x € [0,sup 7). Then
I"'={R(z): (z,t) €T}
is a cover of B and so it follows readily from (46) that
No(B) < e"N(Sp,u,q,¢). (47)
On the other hand, if the sets R(z) = Rig (@) )

x € C' C Z and some integers m(z) € N for each = € C, then

U BTm(x)—l(I)(x’g) > SB
zeC

< (supu)(sup 1) =: k.

Assume that

(z) form a cover of B for

assuming that the elements of the Markov system have diameter at most e.
Again, it follows from (46) that

N(Sp,u,a,e) < e®"Ny(B),
which together with (47) yields the desired result. O
Now we consider the map P, 4: M7, — R given by

lim,, 00 % [y cndv  limy e [ endv
My oo & [y dpdy limp oo [, dpdv’

Pealv) =
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Lemma 16. Assume that Tz is topologically mixing and let u, be the unique
equilibrium measure of I,. If Pc q(p,) € int Peq(Mry, ), then

dim[u CTZ = dim[u Z.

Proof of the lemma. The map 7 is an homeomorphism on a set Z C Z
satisfying 1, (Z) = 1. Consider the measure m, on ¥4 defined by m,(B) =
py(m(B)) for every Borel set B C ¥ 4. Since p, is an equilibrium measure
for I,,, we have

0= Pr, (L) =, (T2) + [ L,
Z

= hy, (Tz) + /~ Ly diin,
Z

Moreover,
0= Pr,(Il,) > Pr_(I,) = P;(I, o).

zZ

This implies that

P,(Iyom) = hp, (o) +/ I,omdm, =0
3a
and so m,, is an equilibrium measure for I,,ow. By Proposition 18 in [10], the
function I, o 7 is Holder continuous and since oy, is topologically mixing,
my, is the unique equilibrium measure for I, ow. Since con, dow and [, o7
have bounded variation, we also have

span{c om,do ﬂ,m} C Es(X4).
Now consider the set
m*Mr, = {m € M, : m = 7% for some u € MTZ}.
Since m,, € m*Mrp,, we obtain
Peor,dor(My) = Pealpn) € int Pe q(Mr,) = int Peor dor (7M7),

which implies that Peor dor(my) € int Peox dor(My). We shall use the fol-
lowing result.

Lemma 17 ([5, Theorem 4]). Assume that o: ¥4 — X4 is topologically
mizing and let m, be the unique equilibrium measure for I, o w. If

span{c om,do ﬂ,m} C Es(X4)
and Peor dor (My) € int Pror dor (M), then
dimy,or Cp = dimy,on 2 4.
Moreover, it follows from Corollary 5.4 in [24] that
dim,, 7(B) = dimye, B
for every set B C ¥ 4. Hence, by Lemma 17 we obtain
dim;, Z = dim;, 7(X4) = dimy,or X4
= dimj,or C» = dimy, 7(Cy) = dimy, Cr,,
which yields the desired result. U
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We proceed with the proof of the theorem. By Lemma 15, we have
dim, A = dim,{¢s(z) EA:z € Z and s € [0,7(z)] }
=inf{a € R: No(Z) =0} = dimy, Z.
It follows from Proposition 8 together with Lemmas 14 and 15 that
dim, Cp = dim,{¢s(z) € A : z € Cp, and s € [0,7(z)]}
=inf{a € R: No(Cr,) = 0} = dimy, Cr,,.
Finally, by Lemma 16 we conclude that

dim, A = dimy, Z = dimj, Cr, = dim,, Cs.
This completes the proof of the theorem. O

We note that the hypothesis in Theorem 13 that ®|, is topologically mix-
ing ensures that Tz is also topologically mixing, which in its turn guarantees
the uniqueness of the equilibrium measures for Tz and for the symbolic dy-
namics. Moreover, the set int P(Mg) is assumed to be nonempty in the the-
orem. It is this property that ensures that the irregular set C'y is nonempty
and ultimately that it can have positive and in fact full u-dimension (as an
application of Lemma 17 that contains a corresponding statement for sym-
bolic dynamics).
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