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Abstract

We show that additive and asymptotically additive families of continuous functions
with respect to suspension flows are physically equivalent. In particular, the equiva-
lence result holds for hyperbolic flows and some classes of expansive flows in general.
Moreover, we show how this equivalence result can be used to extend the nonadditive
thermodynamic formalism and multifractal analysis. In the second part of this work,
we obtain a Livšic-like result for nonadditive families of potentials and also address
the Hölder and Bowen regularity problem for the physical equivalence relations with
respect to hyperbolic symbolic flows.
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1.2 A nonadditive Livšic theorem and some regularity relations . . . . . . . . . 4
1.3 Organization of the paper . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Part I: physical equivalence 7
2.1 Suspension flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Hyperbolic flows and Markov partitions . . . . . . . . . . . . . . . . . . . . 12
2.3 Expansive flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.4 Some examples: conformal and non-conformal hyperbolic flows . . . . . . . 18

2.4.1 Conformal flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.4.2 Non-conformal flows with bounded distortion . . . . . . . . . . . . . 19
2.4.3 Quasiconformal flows . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.4.4 Average conformal flows . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.5 The general physical equivalence problem . . . . . . . . . . . . . . . . . . . 21
2.6 Some applications and consequences of Theorem 1 . . . . . . . . . . . . . . 28

1



2.6.1 Nonadditive thermodynamic formalism . . . . . . . . . . . . . . . . 28
2.6.2 Multifractal analysis: beyond families with unique equilibrium measures 29
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1 Introduction

This work is mainly a contribution to the study of thermodynamic formalism and multifractal
analysis for flows, taking into consideration the relationships between the additive classical
world of potentials and the nonadditive world of families of potentials, which started in
[Cun20]. The first part is concerned with the physical equivalence problem for flows and
how it affects some results in thermodynamics and multifractal analysis. The second part
is mostly inspired by the recent developments in [HS24], and it deals with regularity issues
arising naturally from the problem of how information can be exchanged between additive
and nonadditive families through the physical equivalence relation.

1.1 Physical equivalence

Let X be a topological space and T : X → X a map. A sequence of functions (fn)n≥1 is
asymptotically additive with respect to T if for each ε > 0 there exists a function f : X → R
such that

lim sup
n→∞

1

n
∥fn − Snf∥∞ < ε,

where Snf :=
∑n−1

k=0 f ◦ T k and ∥ · ∥∞ is the supremum norm. Notice that the sequence
(Snf)n≥1 is additive with respect to T , that is,

Sm+nf(x) = Smf(x) + Snf(T
m(x)) for all x ∈ X and m,n ≥ 1.

A sequence F = (fn)n≥1 is almost additive with respect to T if there exists C > 0 such
that

−C + fm(x) + fn(T
m(x)) ≤ fm+n(x) ≤ fm(x) + fn(T

m(x)) + C
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for every x ∈ X and all m,n ≥ 1. It was showed in [FH10] that almost additive sequences
are in fact asymptotically additive.

Inspired by statistical mechanics, as in [Cun20], we say that two nonadditive sequences
of functions F := (fn)n≥1 and G := (gn)n≥1 are physically equivalent, or F is physically
equivalent to G, if

lim
n→∞

1

n
∥fn − gn∥∞ = 0.

Surprisingly, N. Cuneo showed in [Cun20] that asymptotically additive sequences are
physically equivalent to additive sequences with respect to a continuous map. This result
has a direct impact in the study of nonadditive thermodynamic formalism and multifractal
analysis for discrete-time dynamical systems (see [Cun20] and references within).

Motivated by the nonadditive thermodynamic formalism and multifractal analysis for
flows, and inspired by Cuneo’s equivalence theorem, in this paper we investigate the same
equivalence problem in the case of continuous flows.

Let Φ = (ϕt)t∈R be a continuous flow on a topological space X. A family a = (at)t≥0 of
functions at : X → R is said to be almost additive with respect to Φ on X if there exists a
constant C > 0 such that

−C + at + as ◦ ϕt ≤ at+s ≤ at + as ◦ ϕt + C

for every t, s ≥ 0. Notice that, for each function b : X → R, the family (Stb)t≥0 given by
Stb =

∫ t
0 (b ◦ ϕs)ds is additive with respect to Φ.

We also say that a family of functions a = (at)t≥0 is asymptotically additive with respect
to Φ on X if for each ε > 0 there exists a function bε : X → R such that

lim sup
t→∞

1

t

∥∥∥∥at − ∫ t

0
(bε ◦ ϕs)ds

∥∥∥∥
∞

≤ ε.

Proceeding as in [FH10], one can see that every almost additive family of functions is
asymptotically additive.

Following the definition for discrete-time dynamical systems, we say that two families of
functions a = (at)t≥0 and b = (bt)t≥0 are physically equivalent, or a is physically equivalent
to b, with respect to the flow Φ if

lim
t→∞

1

t
∥at − bt∥∞ = 0.

We observe that physically equivalent almost additive families have the same topological
pressure and share the same equilibrium measures (see [BH21a]). Moreover, they also share
the same level sets and the same maximizing measures in the sense of ergodic optimization
(see for example [BD09], [BH21b], [BHVZ21], [HLMXZ19] and [MSV20]).

In the present work, we show that asymptotically additive families of continuous
functions are physically equivalent to additive families of continuous functions with respect
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to suspension flows, and in particular, hyperbolic flows and expansive flows admitting
a measure of full support. As in the discrete-time case, this physical equivalence result
for flows has the potential to facilitate and simplify many extensions of the nonadditive
thermodynamic formalism, multifractal analysis and even ergodic optimization for flows in
general (see section 2.6).

We also address the full problem of equivalence with respect to continuous flows in
general, and it turns out that this problem is intrinsically connected to the following
dynamical embedding problem, which is also stated as an open question in [BHVZ21]:

� Given a continuous flow Φ on a metric space X and a continuous function b̃ : X → R,
is there a continuous function b : X → R such that

b̃ =

∫ 1

0
(b ◦ ϕs)ds ?

We stress here that a positive answer for this embedding problem implies a positive answer
for the general physical equivalence problem.

In this work, we are also able to describe a sufficient condition on the function and on
the flow where the dynamical embedding problem can be answered affirmatively. On the
other hand, we also give a simple counter-example, showing that the embedding problem
cannot be solved in full generality (see section 2.5). Moreover, concerning the general
physical equivalence problem, we give a positive answer in the case of continuous flows with
uniquely ergodic time-one maps. However, as far as we know, the equivalence problem in
full generality remains open.

1.2 A nonadditive Livšic theorem and some regularity relations

Based on the physical equivalence relationship between asymptotically additive, almost
additive and additive families obtained in the first part of this work (see Theorem 1), one
can naturally consider the problem of identifying the meaningful different levels of regularity
that the physical equivalence relation can maintain. In our setup, the most relevant types
of regularity are the ones involving Bowen and Hölder functions together with families
having the bounded variation condition (see sections 3.1 and 3.2 for the definitions). In the
context of hyperbolic suspension flows and related hyperbolic setups, the space of Hölder
continuous functions is contained in the space of Bowen continuous functions. Furthermore,
by definition, an additive family generated by a Bowen function has bounded variation with
respect to any flow in general.

More specifically, inspired by the recent work [HS24] for maps, we can consider three
types of regularity problems:

� Bowen regularity.Given any almost additive family of continuous functions a = (at)t≥0

with bounded variation with respect to an hyperbolic suspension flow, is there any
Bowen continuous function b such that (Stb)t≥0 is physically equivalent to a ?

4



� Uniform bound. Given any almost additive family of continuous functions a = (at)t≥0

with bounded variation with respect to an hyperbolic suspension flow, is there any
continuous function b such that supt≥0 ∥at − Stb∥∞ ?

� Hölder regularity. Given any almost additive family of Hölder continuous functions
a = (at)t≥0 with bounded variation with respect to an hyperbolic suspension flow, is
there any Hölder continuous function b such that (Stb)t≥0 is physically equivalent to
a ?

Notice that the uniform bound immediately implies Bowen regularity and, a positive
answer to the Hölder regularity question in this context also gives an affirmative answer to
the Bowen regularity one. It is important mentioning that these regularity issues are also
interesting in the more general case of asymptotically additive families.

Apart from the intrinsic interest involved, there are important consequences regarding
the regularities problems posted above. In fact, an affirmative answer to the Bowen
regularity question would imply that one can obtain the uniqueness of equilibrium measures
for almost additive families with bounded variation directly from the (additive) classical
uniqueness result for a single potential (see [Fra77], [BH21a]). On the other hand, a positive
answer to the Hölder regularity equivalence problem would either simplify or automatically
extend some relevant results in ergodic optimization for almost and asymptotically additive
families (see for example [BHVZ21], [HLMXZ19] and [MSV20]). In addition to that, the
Hölder regularity problem is also connected to the existence of a general important class of
asymptotically and almost additive families with analytic nonadditive topological pressure
function, which also could allow us to obtain higher-regularity of the entropy and dimension
spectra for these classes of families of potentials with respect to dynamical systems admitting
some hyperbolic behavior (see for example [Rue78], [BD04], [BS00], [PS01], [BH21b] and
[BH22c]).

In the second part of this work we are able to obtain a characterization result for almost
additive families, which also has an interesting and significant connection with the regularity
problems mentioned above:

(Theorem 16). Let Φ = (ϕt)t≥0 be a topologically transitive continuous flow on a compact
metric space X and satisfying the Closing Lemma. Let B = (bt)t≥0 be an almost additive
family of continuous functions (with respect to Φ) with bounded variation. Then, the
following are equivalent:

1. limt→∞ ∥bt∥∞/t = 0;

2. supt≥0 ∥bt∥∞ <∞;

3. there exists K > 0 such that |bt(p)| ≤ K for all p ∈ X and t ≥ 0 with ϕt(p) = p.

This result is based on the discrete-time counterpart recently showed in [HS24]. It is
important mentioning that this theorem is proved here directly in the realm of flows, and
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without using any of the physical equivalence results for discrete and continuous-time
dynamical systems (respectively Theorem 1.2 in [Cun20] and Theorem 1). Also observe
that Theorem 16 immediately gives a setup where the uniform bound and Bowen regularity
problems are actually equivalent.

This characterization result holds, in particular, for some types of suspension flows and
hyperbolic symbolic flows in general and shows a deeper layer of the physical equivalence
relation for these types of nonadditive families (see Corollary 17). Furthermore, we apply
Theorem 16 to the study of some matrix cocycles over flows and also to classify the
equilibrium states for almost additive families based on their cohomology relations, strongly
hinting that, in fact, Theorem 16 also works as a nonadditive version of the classical Livšic
Theorem for flows (see [Liv71] and [Liv72]). In addition, we also show that Theorem 16 has
an optimal setup in the sense that it is no longer valid for asymptotically and subadditive
families in general.

Building on some examples showed in [HS24] for full shifts of finite type, we demonstrate
how to construct almost and asymptotically additive families of Hölder continuous potentials
satisfying the bounded variation condition with respect to hyperbolic symbolic flows and
which are not physically equivalent to any additive family generated by a Hölder (Bowen)
continuous potential. As in the discrete-time case, these examples indicate that almost
and asymptotically additive families with bounded variation do not always have the same
expected optimal regularity properties of Hölder continuous functions in hyperbolic and
related scenarios.

1.3 Organization of the paper

We start proving our main equivalence result for suspension flows and, consequently, for
hyperbolic flows. After that, we proceed to show how to extend the physical equivalence
theorem to expansive flows using the very recent work [GS22]. In the following, we also give
natural sources of almost and asymptotically additive families of continuous functions, and
also treat the general physical equivalence problem for continuous flows. In the final section
of the first part, we conclude with some applications and consequences of the equivalence
theorem, extending parts of the nonadditive thermodynamic formalism and multifractal
analysis for continuous-time dynamical systems.

In the second part we start studying some different notions of cohomology for almost
and asymptotically additive families in general. In the next section, we state and prove
our nonadditive version of the Livšic theorem for flows and show how it can be applied to
the context of matrix cocycles over flows. We proceed to study and compare some related
notions of nonadditive Gibbs and weak Gibbs measures with respect to flows and, as another
application of Theorem 16, we demonstrate how to classify almost additive families based
on cohomology relations and equilibrium measures. In the next section, we start with a
simple non-hyperbolic example where the uniform bound problem can always be positively
answered, and another example where the equivalences in Theorem 16 do not hold. In
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the next subsection, based on [HS24], we show how to build examples of almost additive
families of Hölder continuous potentials satisfying the bounded variation property but never
physically equivalent to any additive family generated by a Hölder continuous potential,
giving a negative answer to the Hölder regularity equivalence problem. Proceeding to
the next subsection, we show a way of categorizing almost additive families based on the
different types of physical equivalence relations with the additive setup, and we conclude
our work showing a construction of asymptotically additive families satisfying the bounded
variation condition with respect to a hyperbolic symbolic flow, with a unique equilibrium
measure but not physically equivalent to any additive family with bounded variation, giving
a negative answer to the Bowen regularity problem for the asymptotically additive case.

2 Part I: physical equivalence

In this part, we are going to show that additive and asymptotically additive families of
continuous functions are physically equivalent with respect to suspension flows and also with
respect to some expansive flows. Moreover, we are going to give some natural examples of
asymptotically additive families and also explore the general problem of physical equivalence
for continuous flows. In the end, we will show some consequences of the physical equivalence
result in thermodynamic formalism and multifractal analysis for flows.

2.1 Suspension flows

Let X be a compact metric space, T : X → X a homeomorphism and τ : X → (0,∞) a
positive continuous function. Consider the space

W =
{
(x, s) ∈ X × R : 0 ≤ s ≤ τ(x)

}
and let Y be the set obtained from W identifying (x, τ(x)) with (T (x), 0) for each x ∈ X.
Then a certain distance introduced by Bowen and Walters in [BW72] makes Y a compact
metric space. The suspension flow over T with height function τ is the flow Φ = (ϕt)t∈R on
Y with the maps ϕt : Y → Y defined by ϕt(x, s) = (x, s+ t).

Let µ be a T -invariant probability measure on X. One can show that µ induces a
Φ-invariant probability measure ν on Y such that∫

Λ
g dν =

∫
X Ig dµ∫
X τ dµ

for any continuous function g : Y → R, where Ig(x) =
∫ τ(x)
0 (g ◦ ϕs)(x) ds. Conversely, any

Φ-invariant probability measure ν on Y is of this form for some T -invariant probability
measure µ on X. Abramov’s entropy formula says that

hν(Φ) =
hµ(T )∫
X τ dµ

.
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The next result establishes the physical equivalence between asymptotically additive
and additive families of functions with respect to suspension flows.

Theorem 1. Let Φ = (ϕt)t∈R be a suspension flow over a continuous map T : X → X and
a = (at)t≥0 be an asymptotically additive family of continuous functions with respect to Φ.
Then, there exists a continuous function b : Y → R such that

lim
t→∞

1

t

∥∥∥∥at − ∫ t

0
(b ◦ ϕs)ds

∥∥∥∥
∞

= 0.

Consider the sequence of continuous functions c = (cn)n≥1 on X given by cn(x) =
aτn(x)(x), where

τn(x) =

n−1∑
k=0

τ(T k(x)) for every x ∈ X.

Lemma 1. There exists a continuous function ξ : X → R such that

lim
n→∞

1

n
sup
x∈X

∣∣∣∣cn(x)− n−1∑
k=0

ξ(T k(x))

∣∣∣∣ = 0. (1)

Proof. Since a is asymptotically additive with respect to the flow Φ, for each ε > 0 there
exists a continuous function bε : Y → R such that

lim sup
t→∞

1

t

∥∥∥∥at − ∫ t

0
(bε ◦ ϕs)ds

∥∥∥∥
∞

≤ ε. (2)

It follows from the proof of Lemma 15 in [BH21b] that∫ τn(x)

0
(bε ◦ ϕs)(x)ds =

n−1∑
k=0

(Ibε ◦ T k)(x) for every x ∈ Y and n ≥ 1.

Notice that for each t > 0 there exists a unique n ∈ N such that τn(x) ≤ t ≤ τn+1(x) with
t− τn(x) ∈ [0, sup τ). Then, in particular from (2), we have

lim sup
n→∞

1

n
sup
x∈X

∣∣∣∣cn(x)− n−1∑
k=0

(Ibε ◦ T k)(x)

∣∣∣∣
= lim sup

n→∞

1

τn(x)

(
τn(x)

n

)
sup
x∈X

∣∣∣∣aτn(x)(x)− ∫ τn(x)

0
(bε ◦ ϕs)(x)ds

∣∣∣∣ ≤ ε sup τ

(3)

for any x ∈ X. Since ε > 0 is arbitrarily small, this implies that the sequence c is
asymptotically additive with respect to the map T : X → X. Now we can apply Theorem
1.2 in [Cun20] to guarantee the existence of a continuous function ξ : X → R satisfying (1),
as desired.
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Lemma 2. There exists a continuous function b : Y → R such that Ib|X = ξ.

Proof. Following [BRW04], we can just define b : Y → R as

b(ϕs(x)) =
ξ(x)

τ(x)
ψ′
(

s

τ(x)

)
for each x ∈ X and s ∈ [0, τ(x)], where ψ : [0, 1] → [0, 1] is any nondecreasing C1 function
such that ψ(0) = 0, ψ(1) = 1 and ψ′(0) = ψ′(1) = 0.

Lemma 3. We have

lim sup
t→∞

1

t
sup
x∈X

|at(x)− aτn(x)(x)| = 0.

Proof. Since a is asymptotically aditive, for each ε > 0 there exists bε : Y → R such that

lim sup
t→∞

1

t

∥∥∥∥at − ∫ t

0
(bε ◦ ϕs)ds

∥∥∥∥
∞

≤ ε.

Moreover, following as in the proof of Lemma 15 in [BH21b], one can check that for each
t > 0 there exists a unique n ∈ N with t = τn(x) + κ for some κ ∈ [0, sup τ ] such that∣∣∣∣ ∫ t

0
(bε ◦ ϕs)(x)ds−

n−1∑
k=0

(Ibε ◦ T k)(x)

∣∣∣∣ ≤ ∥bε∥∞ sup τ.

Then, since

sup
x∈X

|at(x)− aτn(x)(x)| ≤ sup
x∈X

∣∣∣∣at(x)− ∫ t

0
(bε ◦ ϕs)(x)ds

∣∣∣∣
+ sup

x∈X

∣∣∣∣ ∫ t

0
(bε ◦ ϕs)(x)ds−

n−1∑
k=0

(Ibε ◦ T k)(x)

∣∣∣∣
+ sup

x∈X

∣∣∣∣cn(x)− n−1∑
k=0

(Ibε ◦ T k)(x)

∣∣∣∣
for every t ≥ 0, it follows from (3) that

lim sup
t→∞

1

t
sup
x∈X

|at(x)− aτn(x)(x)| ≤ ε(1 + sup τ) + lim sup
t→∞

1

t
(∥bε∥∞ sup τ) = ε(1 + sup τ).

Hence, letting ε→ 0 we obtain

lim sup
t→∞

1

t
sup
x∈X

|at(x)− aτn(x)(x)| = 0,

as desired.
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Proof of Theorem 1. Using Lemma 2, let b : Y → R be a function such that Ib|X = ξ
and define the family of continuous functions ∆ := (∆t)t≥0 as

∆t(x) := at(x)−
∫ t

0
(b ◦ ϕs)(x)ds for all x ∈ Y and t ≥ 0. (4)

For each x ∈ X, we have

lim sup
t→∞

1

t
sup
x∈X

|∆t(x)| ≤ lim sup
t→∞

1

t
sup
x∈X

∣∣∣∣aτn(x)(x)− ∫ τn(x)

0
(b ◦ ϕs)(x)ds

∣∣∣∣
+ lim sup

t→∞

1

t
sup
x∈X

|at(x)− aτn(x)(x)|

+ lim sup
t→∞

1

t
sup
x∈X

∣∣∣∣ ∫ τn(x)

0
(b ◦ ϕs)(x)ds−

∫ t

0
(b ◦ ϕs)(x)ds

∣∣∣∣
≤

(
1

inf τ

)
lim sup
n→∞

1

n
sup
x∈X

∣∣∣∣cn(x)− n−1∑
k=0

ξ(T k(x))

∣∣∣∣
+ lim sup

t→∞

1

t
sup
x∈X

(|at(x)− aτn(x)(x)|+ ∥b∥∞ sup τ).

Hence, it follows from the lemmas 1 and 3 that

lim sup
t→∞

1

t
sup
x∈X

|∆t(x)| = 0. (5)

We claim that

lim sup
t→∞

1

t
sup

s∈[0,τ ]
sup
x∈X

|∆t(ϕs(x))| = 0.

By the asymptotic additivity of a, given ε > 0 there exists bε : Y → R such that, in
particular,

lim sup
t→∞

1

t
sup
x∈X

∣∣∣∣at(x)− ∫ t

0
(bε ◦ ϕu)(x)du

∣∣∣∣ ≤ ε and (6)

lim sup
t→∞

1

t− s
sup
x∈X

∣∣∣∣at−s(ϕs(x))−
∫ t−s

0
(bε ◦ ϕu+s)(x)du

∣∣∣∣ ≤ ε for every s ∈ [0, sup τ ]. (7)

Since

sup
x∈X

|at−s(ϕs(x))− at(x)| ≤ sup
x∈X

∣∣∣∣at−s(ϕs(x))−
∫ t−s

0
(bε ◦ ϕu+s)(x)du

∣∣∣∣
+ sup

x∈X

∣∣∣∣at(x)− ∫ t

0
(bε ◦ ϕu)(x)du

∣∣∣∣+ sup
x∈X

∣∣∣∣ ∫ t

s
(bε ◦ ϕu)(x)du−

∫ t

0
(bε ◦ ϕu)(x)du

∣∣∣∣
≤ sup

x∈X

∣∣∣∣at−s(ϕs(x))−
∫ t−s

0
(bε ◦ ϕu+s)(x)du

∣∣∣∣+ sup
x∈X

∣∣∣∣at(x)− ∫ t

0
(bε ◦ ϕu)(x)du

∣∣∣∣
+ ∥bε∥∞ sup τ
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for every t ≥ s and s ∈ [0, sup τ ], it follows from (6) and (7) that

1

t
sup

s∈[0,τ ]
sup
x∈X

|at−s(ϕs(x))− at(x)| ≤ 2ε+ 2ε+ ε = 5ε for t sufficiently large.

Then, the arbitrariness of ε gives that

lim sup
t→∞

1

t
sup

s∈[0,τ ]
sup
x∈X

|at−s(ϕs(x))− at(x)| = 0. (8)

From (4) one can check that

sup
s∈[0,τ ]

sup
x∈X

|∆t−s(ϕs(x))−∆t(x)| ≤ sup
s∈[0,τ ]

sup
x∈X

|at−s(ϕs(x))− at(x)|+ ∥b∥∞ sup τ

for every t ≥ s. Hence, it follows from (8) that

lim sup
t→∞

1

t
sup

s∈[0,τ ]
sup
x∈X

|∆t−s(ϕs(x))−∆t(x)| = 0. (9)

Now observing that

sup
s∈[0,τ ]

sup
x∈X

|∆t−s(ϕs(x))| ≤ sup
s∈[0,τ ]

sup
x∈X

|∆t−s(ϕs(x))−∆t(x)|+ sup
x∈X

|∆t(x)|

for every t ≥ s, from (5) and (9) we get

lim sup
t→∞

1

t
sup

s∈[0,τ ]
sup
x∈X

|∆t(ϕs(x))| = 0,

and the claim is proved.
Now for each y ∈ Y there exist x ∈ X and s ∈ [0, sup τ ] such that y = ϕs(x). Then

|∆t(y)| = |∆t(ϕs(x))| ≤ sup
s∈[0,τ ]

sup
x∈X

|∆t(ϕs(x))| for each t ≥ 0,

which readily implies that

lim sup
t→∞

1

t
∥∆t∥∞ ≤ lim sup

t→∞

1

t
sup

s∈[0,τ ]
sup
x∈X

|∆t(ϕs(x))| = 0.

Since, in particular, ∆n is asymptotically aditive with respect to the map ϕ1 on Y , Lemma
A.3 in [FH10] guarantees that the limit limt→∞

1
t ∥∆t∥∞ exists. Therefore

lim
t→∞

1

t
∥∆t∥∞ = 0,

and the theorem is proved.
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Definition 1. Let X and Y be topological spaces and consider the flows Φ on X and Ψ on
Y . We say that (X,Φ) is topologically conjugate to (Y,Ψ) if there exists an homeomorphism
h : X → Y such that (h ◦ ϕt)(x) = (ψt ◦ h)(x) for every t ∈ R and every x ∈ X. Moreover,
we say that (X,Φ) is Cr-conjugate to (Y,Ψ) if h is Cr.

Corollary 2. Let Φ = (ϕt)t∈R be a continuous flow on a compact metric space M . Suppose
that Φ is topologically conjugate to a suspension flow. Then, for every asymptotically additive
family of continuous functions a = (at)t∈R there exists a continuous function b : M → R
such that

lim
t→∞

1

t

∥∥∥∥at − ∫ t

0
(b ◦ ϕs)ds

∥∥∥∥
∞

= 0.

Proof. Let Ψ be a suspension flow on a compact metric space N and h :M → N the home-
omorphism conjugating (M,Φ) and (N,Ψ). Suppose that a = (at)t≥0 is an asymptotically
additive family of continuous functions with respect to Φ. One can easily check that the
family (at ◦ h−1)t≥0 is asymptotically additive with respect to Ψ. By Theorem 1, there

exists a continuous function b̃ : N → R such that

lim
t→∞

1

t
sup
y∈N

∣∣∣∣(at ◦ h−1)(y)−
∫ t

0
(̃b ◦ ψs)(y)ds

∣∣∣∣ = 0.

Since for each y ∈ N there exists a unique x ∈M such that h(x) = y, we have∣∣∣∣at(h−1(y))−
∫ t

0
(̃b ◦ ψs)(y)ds

∣∣∣∣ = ∣∣∣∣at(x)− ∫ t

0
((̃b ◦ h) ◦ ϕs)(x)ds

∣∣∣∣.
Hence

lim
t→∞

1

t
sup
x∈M

∣∣∣∣at(x)− ∫ t

0
(b ◦ ϕs)(x)ds

∣∣∣∣ = 0,

where b := b̃ ◦ h :M → R.

Example 1. Let Tn := R/Z× · · · × R/Z be the n-torus. Letting α ∈ Rn, the linear flow
Φ = (ϕt)t∈R on Tn in the direction α is defined by ϕt(x) = x+ tα mod 1.

One can see that every linear flow on the n-torus is C∞- conjugate to a suspension flow
(see for example [FH20]). Then, it follows from Corollary 2 that asymptotically additive
and additive families of continuous functions are physically equivalent with respect to the
flow Φ.

2.2 Hyperbolic flows and Markov partitions

Let Φ = (ϕt)t∈R be a C1 flow on a smooth manifold M . A compact Φ-invariant set Λ ⊂M
is called a hyperbolic set for Φ if there exists a splitting

TΛM = Es ⊕ Eu ⊕ E0

12



and constants c > 0 and λ ∈ (0, 1) such that for each x ∈ Λ:

1. the vector (d/dt)ϕt(x)|t=0 generates E0(x);

2. for each t ∈ R we have

dxϕtE
s(x) = Es(ϕt(x)) and dxϕtE

u(x) = Eu(ϕt(x));

3. ∥dxϕtv∥ ≤ cλt∥v∥ for v ∈ Es(x) and t > 0;

4. ∥dxϕ−tv∥ ≤ cλt∥v∥ for v ∈ Eu(x) and t > 0.

Given a hyperbolic set Λ for a flow Φ, for each x ∈ Λ and any sufficiently small ε > 0 we
define

As(x) =
{
y ∈ B(x, ε) : d(ϕt(y), ϕt(x)) ↘ 0 when t→ +∞

}
and

Au(x) =
{
y ∈ B(x, ε) : d(ϕt(y), ϕt(x)) ↘ 0 when t→ −∞

}
.

Moreover, let V s(x) ⊂ As(x) and V u(x) ⊂ Au(x) be the largest connected components
containing x. These are smooth manifolds, called respectively (local) stable and unstable
manifolds of size ε at the point x, satisfying:

1. TxV
s(x) = Es(x) and TxV

u(x) = Eu(x);

2. for each t > 0 we have

ϕt(V
s(x)) ⊂ V s(ϕt(x)) and ϕ−t(V

u(x)) ⊂ V u(ϕ−t(x));

3. there exist κ > 0 and µ ∈ (0, 1) such that for each t > 0 we have

d(ϕt(y), ϕt(x)) ≤ κµtd(y, x) for y ∈ V s(x)

and
d(ϕ−t(y), ϕ−t(x)) ≤ κµtd(y, x) for y ∈ V u(x).

We recall that a set Λ is said to be locally maximal (with respect to a flow Φ) if there exists
an open neighborhood U of Λ such that

Λ =
⋂
t∈R

ϕt(U).

Given a locally maximal hyperbolic set Λ and a sufficiently small ε > 0, there exists δ > 0
such that if x, y ∈ Λ satisfy d(x, y) ≤ δ, then there exists a unique t = t(x, y) ∈ [−ε, ε] such
that

[x, y] := V s(ϕt(x)) ∩ V u(x)

13



is a single point in Λ.
Now let us recall the notion of Markov partitions for continuous-time dynamical systems.

Consider an open smooth disk D ⊂M of dimension dimM − 1 that is transverse to Φ and
take x ∈ D. Let U(x) be an open neighborhood of x diffeomorphic to D × (−ε, ε). Then
the projection πD : U(x) → D defined by πD(ϕt(y)) = y is differentiable. We say that a
closed set R ⊂ Λ ∩D is a rectangle if R = intR and πD([x, y]) ∈ R for x, y ∈ R.

Consider rectangles R1, . . . , Rk ⊂ Λ (each contained in some open smooth disk transverse
to the flow) such that

Ri ∩Rj = ∂Ri ∩ ∂Rj for i ̸= j.

Let Z =
⋃k

i=1Ri. We assume that there exists ε > 0 such that:

1. Λ =
⋃

t∈[0,ε] ϕt(Z);

2. whenever i ̸= j, either

ϕt(Ri) ∩Rj = ∅ for all t ∈ [0, ε]

or
ϕt(Rj) ∩Ri = ∅ for all t ∈ [0, ε].

Now define the function τ : Λ → R+
0 by

τ(x) = min{t > 0 : ϕt(x) ∈ Z},

and the map T : Λ → Z by
T (x) = ϕτ(x)(x). (10)

The restriction TZ of T to Z is invertible and we have Tn(x) = ϕτn(x)(x), where

τn(x) =

n−1∑
i=0

τ(T i(x)).

The collection R1, . . . , Rk is said to be a Markov partition for Φ on Λ if

T (int(V s(x) ∩Ri)) ⊂ int(V s(T (x)) ∩Rj)

and
T−1(int(V u(T (x)) ∩Rj)) ⊂ int(V u(x) ∩Ri)

for every x ∈ intT (Ri) ∩ intRj and i, j = 1, . . . , k. By work of Bowen [Bow73] and Ratner
[Rat73], any locally maximal hyperbolic set Λ has Markov partitions of arbitrarily small
diameter and the function τ is Hölder continuous on each domain of continuity.
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Given a Markov partition R1, . . . , Rk for a flow Φ on a locally maximal hyperbolic set
Λ, we consider the k × k matrix A with entries

aij =

{
1 if intT (Ri) ∩Rj ̸= ∅,
0 otherwise,

where T is the map in (10). We also consider the set

ΣA =
{
(· · · i−1i0i1 · · · ) : ainin+1 = 1 for n ∈ Z

}
⊂ {1, . . . , k}Z

and the shift map σ : ΣA → ΣA defined by σ(· · · i0 · · · ) = (· · · j0 · · · ), where jn = in+1

for each n ∈ Z. We denote by Σn the set of ΣA-admissible sequences of length n, that
is, the finite sequences (i1 · · · in) for which there exists (· · · j0j1j2 · · · ) ∈ ΣA such that
(i1 . . . in) = (j1 · · · jn). Finally, we define a coding map π : ΣA → Z by

π(· · · i0 · · · ) =
⋂
n∈Z

Ri−n···in ,

where Ri−n···in =
⋂n

l=−n T
−l
Z intRil . The following properties hold:

1. π ◦ σ = T ◦ π;

2. π is Hölder continuous and onto;

3. π is one-to-one on a full measure set with respect to any ergodic measure of full
support and on a residual set.

Given β > 1, we equip ΣA with the distance dβ defined by

dβ(ω, ω
′) =

{
β−n if ω ̸= ω′,

0 if ω = ω′,

where n = n(ω, ω′) ∈ N ∪ {0} is the smallest integer such that in(ω) ̸= in(ω
′) or i−n(ω) ̸=

i−n(ω
′). One can always choose β so that τ ◦ π is Lipschitz.

Now let ν be a TZ-invariant probability measure on Z. One can show that ν induces a
Φ-invariant probability measure µ on Λ such that∫

Λ
g dµ =

∫
Z

∫ τ(x)
0 (g ◦ ϕs)(x) ds dν∫

Z τ dν
(11)

for any continuous function g : Λ → R. In fact, any Φ-invariant probability measure µ on
Λ is of this form for some TZ-invariant probability measure ν on Z. Abramov’s entropy
formula says that

hµ(Φ) =
hν(TZ)∫
Z τ dν

. (12)
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By (11) and (12) we obtain

hµ(Φ) +

∫
Λ
g dµ =

hν(TZ) +
∫
Z Ig dν∫

Z τ dν
, (13)

where Ig(x) =
∫ τ(x)
0 (g ◦ ϕs)ds. Since τ > 0 on Z, it follows from (13) that

PΦ(g) = 0 if and only if PTZ
(Ig) = 0,

where PΦ(g) is the topological pressure of g with respect to Φ and PTZ
(Ig) is the topological

pressure of Ig with respect to the map TZ . When PΦ(g) = 0, this implies that µ is an
equilibrium measure for g if and only if ν is an equilibrium measure for Ig.

As a direct consequence of the existence of Markov partitions for locally maximal
hyperbolic sets together with Theorem 1, we obtain the following result:

Corollary 3. Let Λ be a locally maximal hyperbolic set for a C1 flow Φ = (ϕt)t∈R and
suppose that a = (at)t≥0 is an asymptotically additive family of continuous functions with
respect to Φ. Then, there exists a continuous function b : Λ → R such that

lim
t→∞

1

t

∥∥∥∥at − ∫ t

0
(b ◦ ϕs)ds

∥∥∥∥
∞

= 0.

2.3 Expansive flows

Let (X, d) be a metric space and T : X → X a dynamical system. T is said to be expansive
if there exists δ > 0 such that d(Tn(x), Tn(y)) < δ for all n ∈ Z implies x = y.

The definition for continuous-time dynamical systems is more refined. A flow Φ on X is
said to be expansive if for each ε > 0 there exists δ > 0 such that if d(ϕt(x), ϕs(t)(y)) < δ
for all t ∈ R, for points x and y and a continuous map s : R → R with s(0) = 0, then there
exists a time |t| < ε such that ϕt(x) = y (see [BW72]).

Let X and Y be metric spaces and consider the flows Φ on X and Ψ on Y . We say that
S ⊂ X is a full set when µ(S) = 0 for all Φ-invariant measure µ. Suppose that π : Y → X
is a topological extension from (X,Φ) to (Y,Ψ), that is, a surjective map topologically
conjugating (Φ, X) and (Ψ, Y ). The extension π : Y → X is said to be strongly isomorphic
if there exists a full set E ⊂ X such that π : π−1(E) ⊂ Y → X is one-to-one (see for
example [Bur19]).

Advancing the main results in [Bur19], recently Gutman and Shi proved the following:

Theorem 4 ([GS22, Theorem B]). Let X be a compact finite-dimensional space and Φ
an expansive flow on X. Then, (X,Φ) is strongly isomorphic to a suspension flow over a
subshift of finite type.

This result together with Theorem 1 gives the following:
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Theorem 5. Let Φ = (ϕt)t∈R be a continuous expansive flow on a compact finite-dimensional
metric space M , and let a = (at)t≥0 be an asymptotically additive family of continuous
functions. Then, there exists a continuous function b :M → R and a full set N ⊂M such
that

lim
t→∞

1

t
sup
x∈N

∣∣∣∣at(x)− ∫ t

0
(b ◦ ϕs)(x)ds

∣∣∣∣ = 0. (14)

Moreover, if Φ admits an invariant measure with full support then

lim
t→∞

1

t

∥∥∥∥at − ∫ t

0
(b ◦ ϕs)ds

∥∥∥∥
∞

= 0.

Proof. By Theorem 4, there exists a full set N ⊂ X such that (N,Φ) and (Y,Ψ) are
topologically conjugate, where Ψ is a suspension flow over a subshift of finite type. Then,
(14) follows directly from Corollary 2.

Now suppose that ν ∈ M(Φ) is a measure with full support. Then, one can see that N
is dense on the whole space M . Since the function

x 7→ Dt(x) :=

∣∣∣∣at(x)− ∫ t

0
(b ◦ ϕs)(x)ds

∣∣∣∣
is continuous for every t ≥ 0, we have supDt(M) = supDt(N) ≤ supDt(N) = supDt(N)
for every t ≥ 0. This together with (14) yield

lim
t→∞

1

t

∥∥∥∥at − ∫ t

0
(b ◦ ϕs)ds

∥∥∥∥
∞

= lim
t→∞

1

t
sup
x∈M

Dt(x) ≤ lim
t→∞

1

t
sup
x∈N

Dt(x) = 0,

and the theorem is proved.

The following result is a weaker notion of equivalence in the case of expansive flows.

Corollary 6. Let Φ = (ϕt)t∈R be a continuous expansive flow on a compact finite-
dimensional metric space M , and let a = (at)t≥0 be an asymptotically additive family
of continuous functions. Then, there exists a continuous function b :M → R such that

lim
t→∞

1

t

∫
M
atdµ =

∫
M
bdµ

for every measure µ ∈ M(Φ).

Proof. It follows directly from Theorem 5 and Birkhoff’s ergodic theorem.

Observe that volume preserving continuous expansive flows on compact finite-dimensional
manifolds satisfy all the hypotheses of Theorem 5.
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2.4 Some examples: conformal and non-conformal hyperbolic flows

We will now introduce a source of asymptotically additive families of continuous potentials.

2.4.1 Conformal flows

We say that a C1 flow Φ is conformal on a hyperbolic set Λ if there exist continuous
functions Qs, Qu : Λ× R → R such that

dxϕt|Es(x) = Qs(x, t)Js(x, t) and dxϕt|Eu(x) = Qu(x, t)Ju(x, t)

for every x ∈ Λ and t ∈ R, where

Js(x, t) : Es(x) → Es(ϕt(x)) and Ju(x, t) : Eu(x) → Eu(ϕt(x))

are isometries. For example, if

dimEs(x) = dimEu(x) = 1 for x ∈ Λ,

then the flow is conformal on Λ. Proceeding as in [PS01] we define:

Ξs(x) :=
∂

∂t
log |Qs(x, t)|t=0 =

∂

∂t
log ∥dxϕt|Es(x)∥t=0 = lim

t→0

log ∥dxϕt|Es(x)∥
t

(15)

and

Ξu(x) :=
∂

∂t
log |Qu(x, t)|t=0 =

∂

∂t
log ∥dxϕt|Eu(x)∥t=0 = lim

t→0

log ∥dxϕt|Eu(x)∥
t

. (16)

Since the flow Φ is of class C1, using 2-norms one can write

lim
t→0

log ∥dxϕt|Es(x)∥
t

= lim
t→0

log(∥dxϕt|Es(x)∥2)
2t

= lim
t→0

⟨dxϕt|Es(x), ∂
∂t(dxϕt|E

s(x))⟩
∥dxϕt|Eu(x)∥2

=

〈
Id|Es(x),

∂

∂t
(dxϕt|Es(x))|t=0

〉
and, similarly,

lim
t→0

log ∥dxϕt|Eu(x)∥
t

=

〈
Id|Eu(x),

∂

∂t
(dxϕt|Eu(x))|t=0

〉
.

In particular, the functions Ξs and Ξu are well defined. For an adapted norm ∥·∥ (that is, a
norm for which one can take c = 1 in the definition of a hyperbolic set), we obtain

Ξs(x) = lim
t→0+

log ∥dxϕt|Es(x)∥
t

≤ log λ < 0
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and

Ξu(x) = lim
t→0+

log ∥dxϕt|Eu(x)∥
t

≥ − log λ > 0

for all x ∈ Λ. Moreover, for every x ∈ Λ and t ∈ R, it follows from (15) and (16) that

∥dxϕtv∥ = ∥v∥ exp
(∫ t

0
Ξs(ϕτ (x)) dτ

)
for v ∈ Es(x) (17)

and

∥dxϕtv∥ = ∥v∥ exp
(∫ t

0
Ξu(ϕτ (x)) dτ

)
for v ∈ Eu(x). (18)

In this case, notice that

(log ∥dxϕt|Es(x)∥)t≥0 and (log ∥dxϕt|Eu(x)∥)t≥0

are additive families of continuous functions with respect to Φ.

2.4.2 Non-conformal flows with bounded distortion

Let Λ be an hyperbolic set for a C1 flow Φ = (ϕt)t∈R. Moreover, let Es(x) and Eu(x)
be the stable and unstable spaces at x. We say that Φ has bounded distortion (in the
sense of [PS01]) if there exist constants C1 > 0, C2 > 0 and Hölder continuous functions
bs, bu : Λ → R such that

C1∥v∥ exp
∫ t

0
(bs ◦ ϕτ )(x) dτ ≤ ∥dxϕtv∥ ≤ C2∥v∥ exp

∫ t

0
(bs ◦ ϕτ )(x) dτ

for v ∈ Es(x), and

C1∥v∥ exp
∫ t

0
(bu ◦ ϕτ )(x) dτ ≤ ∥dxϕtv∥ ≤ C2∥v∥ exp

∫ t

0
(bu ◦ ϕτ )(x) dτ

for v ∈ Eu(x). In this case one can easily verify that the families as = (ast )t≥0 and
au = (aut )t≥0 given by

ast (x) = log ∥dxϕt|Es(x)∥ and aut (x) = log ∥dxϕt|Eu(x)∥

are almost additive with respect to Φ and satisfy

lim
t→∞

1

t

∥∥∥∥ast − ∫ t

0
(bs ◦ ϕτ ) dτ

∥∥∥∥
∞

= 0

and

lim
t→∞

1

t

∥∥∥∥aut −
∫ t

0
(bu ◦ ϕτ ) dτ

∥∥∥∥
∞

= 0.
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2.4.3 Quasiconformal flows

Now let Λ be an hyperbolic set for a C1 flow Φ = (ϕt)t∈R, and consider the functions
Ks,Ku : Λ× R → R given by

Ks(x, t) =
max{∥dxϕtv∥ : v ∈ Es(x), ∥v∥ = 1}
min{∥dxϕtv∥ : v ∈ Es(x), ∥v∥ = 1}

(19)

and

Ku(x, t) =
max{∥dxϕtv∥ : v ∈ Eu(x), ∥v∥ = 1}
min{∥dxϕtv∥ : v ∈ Eu(x), ∥v∥ = 1}

. (20)

We say that Φ is uniformly quasiconformal if the functions Ks and Ku are uniformly
bounded for all x ∈ Λ and t ∈ R. Observe that when Φ is conformal on Λ, it follows directly
from (17) and (18) that Ks(x, t) = 1 and Ku(x, t) = 1 for all x ∈ Λ and all t ∈ R. The
notion of a uniformly quasiconformal hyperbolic map is analogous (see [Sad05]). Observe
that conformal flows are quasiconformal and an Anosov diffeomorphism is quasiconformal if
and only if its suspension flow is quasiconformal (see for example [Fan05]). It follows from
(19) and (20) that

lim
t→∞

1

t
∥Ks(x, t)∥∞ = 0 and lim

t→∞

1

t
∥Ku(x, t)∥∞ = 0,

which readily implies that (Ks(x, t))t≥0 and (Ku(x, t))t≥0 are asymptotically additive
families with respect to Φ.

2.4.4 Average conformal flows

Inspired by previous work [BCH10], it was introduced in [WWCZ20] a type of non-conformal
hyperbolic maps, which can also be seen as a generalization of quasiconformal maps. Let
Λ be an hyperbolic set for a diffeomorphism f : Λ → Λ. The set Λ is called an average
conformal hyperbolic set for f if it admits exactly two unique Lyapunov exponents, one
strictly positive and the other strictly negative.

If Φ = (ϕt)t∈R is a suspension flow over an average conformal hyperbolic map, it follows
from Lemma 2.3 in [WWCZ20] that

lim
t→∞

1

t
∥ log ∥dxϕt|Es(x)∥ − log ∥(dxϕt|Es(x))

−1∥−1∥∞ = 0,

lim
t→∞

1

t
∥ log ∥dxϕt|Eu(x)∥ − log ∥(dxϕt|Eu(x))

−1∥−1∥∞ = 0 and

∥(dxϕt|Es(x))
−1∥−1 ≤ |det(dxϕt|Es(x))|

1
ds ≤ ∥dxϕt|Es(x)∥,

∥(dxϕt|Eu(x))
−1∥−1 ≤ |det(dxϕt|Eu(x))|

1
du ≤ ∥dxϕt|Eu(x)∥,

where ds := dimEs and du := dimEu. Since (det(dxϕt|Eu(x))t≥0 and (det(dxϕt|Es(x))t≥0

are additive families with respect to Φ, one can see that ai := (∥ log ∥dxϕt|Ei(x)∥)t≥0 and
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bi := (∥ log ∥dxϕt|Ei(x)∥ − log ∥(dxϕt|Ei(x))
−1∥−1)t≥0 are asymptotically additive families of

continuous functions with respect to Φ for i ∈ {u, s}.

2.5 The general physical equivalence problem

We recall that a family of functions a = (at)t≥0 is said to have bounded variation if there
exist κ > 0 and ε > 0 such that

|at(x)− at(y)| < κ whenever y ∈ Bt(x, ε).

Inspired by the examples in subsection 2.4 and by the work [Cun20], one can ask the
following questions:

Question A: Given an asymptotically additive family of continuous functions a =
(at)t≥0 with respect to a continuous flow Φ = (ϕt)t∈R on a compact metric space X, is there
any continuous function b : X → R such that

lim
t→∞

1

t

∥∥∥∥at − ∫ t

0
(b ◦ ϕs)ds

∥∥∥∥
∞

= 0 ? (21)

Question B: When Φ|Λ is a hyperbolic flow and the family a is almost additive with
bounded variation, is there any continuous function b : Λ → R where the additive family

Stb :=

∫ t

0
(b ◦ ϕs)ds

has bounded variation and also satisfy (21) ?
As we showed, Theorem 1 answers the Question A in the case of suspension flows and,

in particular, in the case of hyperbolic flows. Moreover, Theorem 5 gives a setup where we
also can positively answer the Question A in the case of expansive flows. Furthermore,
observe that Question B is the more general Bowen regularity problem for flows and
it is open even in the case of discrete-time dynamical systems (see [Cun20] and [HS24]).
In general, as discussed before, positive answers to these questions are very useful for
some extensions of the thermodynamic formalism and multifractal analysis for flows (see
subsection 2.6). On the other hand, considering the same problem with respect to Hölder
regularity, Question B has a negative answer in both discrete and continuous-time setups
(see [HS24] and subsection 3.3.2).

Let us now give some directions on how to approach this problem in general. Let
Φ = (ϕt)t∈R be a continuous flow and let a = (at)t≥0 be an asymptotically additive family
of continuous functions with respect to Φ. For any function c : X → R, we have∫ n

0
(c ◦ ϕs)ds =

n−1∑
k=0

(c̃ ◦ ϕk1) for every n ≥ 1 (22)
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where c̃ :=
∫ 1
0 (c ◦ ϕs)ds, and one can check that (an)n≥1 is an asymptotically additive

sequence with respect to the map ϕ1. Then, by Theorem 1.2 in [Cun20], there exists a
continuous function b̃ : X → R such that

lim
n→∞

1

n

∥∥∥∥an −
n−1∑
k=0

b̃ ◦ ϕk1
∥∥∥∥
∞

= 0.

If there exists a continuous function b : X → R such that b̃ =
∫ 1
0 (b ◦ ϕs)ds, from (22)

we readily obtain that

lim
n→∞

1

t

∥∥∥∥at − ∫ t

0
(b ◦ ϕs)ds

∥∥∥∥
∞

= 0.

Just for illustration, here it goes a simple example:

Example 2. Let Φ = (ϕt)t∈R be the flow ϕt(x) = etx on R+ := (0,∞]. If b(x) = 1/2+log x,
then for a(x) = log x, we have∫ 1

0
(a ◦ ϕs)(x)ds = b(x) for every x ∈ R+.

A less (but still) simple example:

Example 3. Let Φ = (ϕt)t∈R be the flow ϕt(x) = etx defined on R. If b : R → R is given
by

b(x) = p(x)

(
ed − 1

d

)
,

where p : R → R is an homogeneous polynomial of degree d, then∫ 1

0
(p ◦ ϕs)(x)ds = b(x) for every x ∈ R.

Following this approach, we can ask:
Question C. Given a continuous flow Φ and a continuous function b̃ : X → R, is there

any continuous function b : X → R satisfying

b̃(x) =

∫ 1

0
(b ◦ ϕs)(x)ds for every x ∈ X ?

Question D. If we cannot give a positive answer to the previous question in general,
what kind of functions and flows satisfy it ?

In order to extend the theory of ergodic optimization for flows, the Question C was
also posted in [BHVZ21].

The following example indicates a negative answer to Question C in the case where
the function b̃ : X → R is bounded.
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Example 4. Let X be a compact metric space and Φ = (ϕt)t∈R a continuous flow on X.
Let x∗ ∈ X be a non-fixed point of Φ and consider b̃ := 1x∗ : X → R the characteristic
function of the set {x∗}. Suppose there exists a bounded function b : X → R such that∫ 1

0
(b ◦ ϕs)(x)ds = b̃(x) for all x ∈ X. (23)

This implies that∫ 1

0
(b ◦ ϕs)(x∗)ds = b̃(x∗) = 1 and

∫ 1

0
(b ◦ ϕs)(x)ds = b̃(x) = 0 for every x ̸= x∗.

Given δ > 0, consider the point z := ϕδ(x
∗). Since x∗ is not a fixed point, z ≠ x∗ and

we have

0 =

∫ 1

0
(b ◦ ϕs)(z)ds =

∫ δ+1

δ
(b ◦ ϕs)(x∗)ds

Then∫ 1

0
(b ◦ ϕs)(x∗)ds =

∫ δ

0
(b ◦ ϕs)(x∗)ds+

∫ δ+1

δ
(b ◦ ϕs)(x∗)ds+

∫ 1

δ+1
(b ◦ ϕs)(x∗)ds

=

∫ δ

0
(b ◦ ϕs)(x∗)ds+

∫ 1

δ+1
(b ◦ ϕs)(x∗)ds,

which readily implies that ∣∣∣∣ ∫ 1

0
(b ◦ ϕs)(x∗)ds

∣∣∣∣ ≤ 2δ∥b∥∞.

Since δ is arbitrary and the function b is bounded, taking δ < 1/(2∥b∥∞) we obtain

1 = |̃b(x∗)| =
∣∣∣∣ ∫ 1

0
(b ◦ ϕs)(x∗)ds

∣∣∣∣ < 1,

which is a contradiction. In particular, since X is compact, there is no continuous function
b : X → R satisfying (23).

Proposition 7. Let Φ be a continuous flow on a metric space X. Suppose that for a given
continuous function b̃ : X → R there exists a continuous function b : X → R such that

b̃(x) =

∫ 1

0
(b ◦ ϕs)(x)ds for every x ∈ X.

Then, we have

lim
t→0

b̃(ϕt(x))− b̃(x)

t
= b(ϕ1(x))− b(x) for every x ∈ X. (24)

Moreover, ∫
X

(
lim
t→0

b̃(ϕt(x))− b̃(x)

t

)
dµ(x) = 0 for every µ ∈ M(ϕ1).
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Proof. Notice that

b̃ ◦ ϕt − b̃

t
=

1

t

(∫ t+1

t
(b ◦ ϕs)ds−

∫ 1

0
(b ◦ ϕs)ds

)
for all t > 0. (25)

One can check that the function

t 7→ I(t) :=

∫ t+1

t
(b ◦ ϕs)ds−

∫ 1

0
(b ◦ ϕs)ds

is uniformly continuous on [0,∞), differentiable on (0,∞) and satisfies limt→0 I(t) = 0.
Hence, by the L’Hôspital’s rule, we obtain that

lim
t→0

I(t)

t
= lim

t→0
(b ◦ ϕt+1 − b ◦ ϕt) = b ◦ ϕ1 − b.

This together with (25) proves the result.

Remark. One can check directly that the functions in Example 2 and Example 3 satisfy
the condition (49).

Observe that if there exists a constant β ∈ R such that

lim
t→0

b̃(ϕt(x))− b̃(x)

t
= β for every x ∈ X,

then Proposition 7 says that β = 0. This fact is an inspiration for our negative answer to
Question C:

Example 5. (Counter-example). Let Φ = (ϕt)t∈R be the linear flow on T2 given by
ϕt(x, y) = (x + tα1 mod 1, y + tα2 mod 1), with 0 < α1 + α2 < 1. Let b̃ : T2 → R be the
continuous function given by b̃(x, y) = (x+ y) mod 1. One can check that

lim
t→0

b̃(ϕt(x, y))− b̃(x, y)

t
= lim

t→0

(x+ y + t(α1 + α2)) mod 1− (x+ y) mod 1

t

= lim
t→0

t(α1 + α2) mod 1

t
= lim

t→0

t(α1 + α2)

t
= α1 + α2

for every x ∈ T2. If there exists a continuous function b : T2 → R such that b̃ =
∫ 1
0 (b◦ϕs)ds,

then Proposition 7 immediately gives that α1 + α2 = 0, which is a contradiction. Therefore,
there is no continuous function b : T2 → R such that

(x+ y) mod 1 =

∫ 1

0
b(ϕs(x, y))ds.
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Remark. Example 5 is a negative answer to the general embedding problem presented in
[BHVZ21]. This counter-example can be naturally extended to the n-torus Tn. Observe
that even though we cannot guarantee in general a positive answer for Question C in the
case of linear flows on Tn, in Example 1 we were able to guarantee the physical equivalence
between additive and asymptotically additive families of continuous potentials.

Notice that the converse of Proposition 7 is false. In fact, still considering Example 5, if
we take b(x, y) = (x+ y) mod 1, then b(ϕ1(x, y))− b(x, y) = (α1 + α2) mod 1 = α1 + α2 for
every x ∈ T2. But∫ 1

0
b(ϕs(x, y))ds =

[
(x+ y) mod 1 +

α1 + α2

2

]
mod 1 ̸= b̃(x, y).

We will now recall the notions of cohomology for flows and maps.

Definition 2. Let X be a metric space, Ψ a flow on X and T : X → X a map. We say
that a function g : X → R is Ψ-cohomologous to a function h : X → R if there exists a
bounded measurable function q : X → R such that

g(x)− h(x) = lim
t→0

q(ψt(x))− q(x)

t
for every x ∈ X.

Moreover, we say that g is T -cohomologous to h if there exists a bounded measurable
function r : X → R such that

g(x)− h(x) = r(T (x))− r(x) for every x ∈ X.

We also say that a function is a Ψ-coboundary (T -coboundary) when it is Ψ-cohomologous
to the zero function (T -cohomologous to the zero function). The functions q, r : X → R are
usually called transfer functions.

The following result gives some directions for Question D:

Proposition 8. Let Φ = (ϕt)t∈R be a C1 flow on a Riemmanian manifold X and b̃ : X → R
a C1 ϕ1-coboundary function admitting a C1 transfer function. Then, there exists a
continuous function b : X → R such that∫ 1

0
(b ◦ ϕs)ds = b̃.

Moreover, the function b is a Φ-coboundary also admitting a C1 transfer function.

Proof. Suppose that

b̃ = g ◦ ϕ1 − g for some C1 function g : X → R.
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Defining a function b : X → R as

b(x) = dxg(x)

(
d

ds
ϕs(x)|s=0

)
= lim

s→0

g(ϕs(x))− g(x)

s
,

we can check that b is continuous and∫ t

0
(b ◦ ϕs)ds = g ◦ ϕt − g for every t ≥ 0.

In particular, we have ∫ 1

0
(b ◦ ϕs)ds = g ◦ ϕ1 − g = b̃.

Notice that b̃ is a ϕ1-coboundary and b is a Φ-coboundary, both admitting the same C1

transfer function g.

Remark. In Proposition 8, if X is a compact manifold, ϕ1 is a C∞ diffeomorphism and b̃ is
C∞ then one can always guarantee the existence of a C∞ function g such that b̃ = g ◦ϕ1−g
(see [LMM86]).

A map T is said to be uniquely ergodic if it admits a unique T -invariant measure. In
the same manner, we say that a flow Ψ is uniquely ergodic when there exists a unique
Ψ-invariant measure.

Proposition 9. Let Φ = (ϕt)t∈R be a continuous flow on a compact metric space M and
such that ϕ1 :M →M is uniquely ergodic. Then

1. (at)t≥0 is an asymptotically additive family with respect to Φ if and only if (an)n≥1 is
an asymptotically additive sequence with respect to ϕ1;

2. for each asymptotically additive family of continuous functions a = (at)t≥0 there exists
a continuos function c :M → R such that

lim
t→+∞

1

t

∥∥∥∥at − ∫ t

0
(c ◦ ϕs)ds

∥∥∥∥
∞

= 0.

Proof. Consider the linear operator L : C(X) → C(X) given by

L(a)(x) =
∫ 1

0
(a ◦ ϕs)(x)ds.

Then, one can see that ∥L∥ ≤ 1, where we are considering the norm

∥L∥ := sup
f∈C(X),∥f∥∞ ̸=0

∥Lf∥∞
∥f∥∞

.
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Since L is a bounded linear operator, its spectrum σ(L) is compact and is such that

σ(L) ⊂ [−∥L∥, ∥L∥] ⊂ [−1, 1].

In particular, this implies that there exists λ > 1 such that the linear operator L − λI :
C(X) → C(X) is a bijection. This readily implies that given a continuous function
b : X → R there exists a unique continuous function a : X → R such that∫ 1

0
(a ◦ ϕs)ds− λa = b. (26)

Now let ν be the unique ϕ1-invariant measure and consider the function

c := a− λ

∫
M
adν.

It follows from (26) that∥∥∥∥an −
∫ n

0
(c ◦ ϕs)ds

∥∥∥∥
∞

≤
∥∥∥∥an −

n−1∑
k=0

b ◦ ϕk1
∥∥∥∥
∞

+

∥∥∥∥nλ(∫
M
adν −

n−1∑
k=0

a ◦ ϕk1
)∥∥∥∥

∞
. (27)

Since ϕ1 is uniquely ergodic, we have in particular that

lim
n→∞

∥∥∥∥λ(∫
M
adν − 1

n

n−1∑
k=0

a ◦ ϕk1
)∥∥∥∥

∞
= 0

for every a ∈ C(X).
Let us start proving item 1. By the arbitrariness of b ∈ C(X), if (an)n≥1 is asymptotically

additive with respect to ϕ1 then it follows directly from (27) that (at)t≥0 is asymptotically
additive with respect to Φ. The converse is immediate.

In order to prove item 2, notice that Theorem 1.2 in [Cun20] guarantees the existence
of a function b ∈ C(X) such that

lim
n→∞

1

n

∥∥∥∥an −
n−1∑
k=0

b ◦ ϕk1
∥∥∥∥
∞

= 0.

Therefore, it readily follows from (27) that there exists a function c ∈ C(X) such that

lim
t→∞

1

t

∥∥∥∥at − ∫ t

0
(c ◦ ϕs)ds

∥∥∥∥
∞

= 0,

as desired.

Remark. Notice that if the time-one map ϕ1 of a flow Φ is uniquely ergodic then the flow
Φ itself is uniquely ergodic. From this, we can see that the setup of Proposition 9 is quite
restrictive. We still don’t know if the result remains true in full generality, without the
unique ergodicity hypotheses.

27



2.6 Some applications and consequences of Theorem 1

In this section, using Theorem 1, we are going to show how to extend some results of the
nonadditive thermodynamic formalism and multifractal analysis for flows.

2.6.1 Nonadditive thermodynamic formalism

Let M be a compact metric space and Λ ⊂ M be a locally maximal hyperbolic set for a
topologically mixing C1 flow Φ. Suppose that a = (at)t≥0 is an asymptotically additive
family of continiuous functions with tempered variation. Hence, Theorem 1 guarantees the
existence of a continuous function b : Λ → R such that

sup
µ∈M(Φ)

{
hµ(Φ) + lim

t→∞

1

t

∫
Λ
atdµ

}
= sup

µ∈M(Φ)

{
hµ(Φ) +

∫
Λ
bdµ

}
.

Moreover, by the definition of the nonadditive topological pressure introduced in [BH20],
PΦ(a) = PΦ

(
(Stb)t≥0

)
= P classic

Φ (b), where the last one is the classical topological pressure
for the function b. Therefore, the classical variational principle for continuous flows implies
that

PΦ(a) = sup
µ∈M(Φ)

{
hµ(Φ) + lim

t→∞

1

t

∫
Λ
atdµ

}
.

This is a variational principle for asymptotically additive families of continuous functions
with respect to a hyperbolic flow. Notice that by Corollary 6 the variational principle
is also valid for expansive continuous flows. Therefore, in the case of locally maximal
hyperbolic sets for flows, some suspension flows over subshifts of finite type and expansive
flows admitting an invariant measure with full support, this result extends Theorem 9 in
[BH20] and Theorem 1.1 in [BH21a].

Based on this variational principle, we can also define the notion of equilibrium measures
for asymptotically additive families of potentials. We say that ν ∈ M(Φ) is an equilibrium
measure for a with respect to Φ if

PΦ(a) = hν(Φ) + lim
t→+∞

1

t

∫
Λ
atdν.

The following is a immediate consequence of the physical equivalence results for almost
and asymptotically additive families.

Corollary 10. Let Λ ⊂M be a locally maximal hyperbolic set for a C1 flow Φ or suppose
Φ is an expansive continuous flow admitting an invariant measure with full support. If a is
an asymptotically additive family of functions with respect to Φ, then

1. the set of equilibrium measures for a is a non-empty compact and convex set;

2. each extreme point of the set of equilibrium measures is an ergodic measure.
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Proof. By Theorem 1 and Theorem 5, respectively for hyperbolic flows and expansive flows,
the space of equilibrium measures for a is the same as the space of equilibrium measures
for some continuous function.

Remark. Theorem 3.5 in [BH21a] guarantees that for locally maximal hyperbolic sets for
C1 flows, every almost additive family with bounded variation admits a unique equilibrium
measure. Since we don’t know if Question B is true in general, we are not able to obtain
this uniqueness result directly from the additive classical case originally proved in [Fra77].
We will address some regularity issues of the physical equivalence relations in the second
part of this work (see the subsections 3.3.2 and 3.3.3).

2.6.2 Multifractal analysis: beyond families with unique equilibrium measures

Theorem 9 in [BH21a] establishes a conditional variational principle for almost additive
families of potentials with uniqueness of equilibrium measures. In this section, using the
work of Climenhaga in [Cli13], Cuneo in [Cun20], we are going to show how to obtain
a conditional variational principle including more classes of almost additive families of
functions, without using the uniqueness of equilibrium assumption. Moreover, as a direct
consequence of Theorem 1, we also can extend the conditional variational principle to
include asymptotically additive families of continuous potentials.

Let M be a compact metric space and Λ ⊂M be a locally maximal hyperbolic set for a
C1 topologically mixing flow Φ = (ϕt)t∈R. Given two asymptotically additive families of
continuous functions a = (at)t≥0 and b = (bt)t≥0, we consider the level sets

KΦ
α (a, b) :=

{
x ∈ Λ : lim

t→+∞

at(x)

bt(x)
= α

}
, α ∈ R.

In this section, we consider Merg(Φ) as the set of ergodic Φ-invariant measures. We also
use this same notation for maps.

Let A(M) be the set of all almost additive families of continuous functions and, respec-
tively, AA(M) the set of asymptotically additive families of continuous functions a = (at)t≥0

on M with tempered variation such that

sup
t∈[0,s]

∥at∥∞ <∞ for some s > 0,

and E(M) ⊂ A(M) the subset of families having a unique equilibrium measure (the existence
of almost additive families with unique equilibrium measures is guaranteed by Theorem 3.5
in [BH21a]).

Now let us define the notion of u-dimension for flows which was originally introduced
in [BS00]. Let Φ = (ϕt)t∈R be a continuous flow on a compact metric space X. Given
a positive continuous function u : X → R, we consider the additive family of continuous
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functions (ut)t≥0 defined by

ut(x) =

∫ t

0
(u ◦ ϕs)(x)ds

for every x ∈ X and t > 0. For each Z ⊂ X and α ∈ R, let

N(Z, u, α, ε) = lim
T→∞

inf
Γ

∑
(x,t)∈Γ

e−αu(x,t,ε),

with the infimum taken over all countable sets Γ ⊂ X × [T,+∞) covering Z. Finally, we
define

dimu,ε Z = inf
{
α ∈ R : N(Z, u, α, ε) = 0

}
.

The limit
dimu Z := lim

ε→0
dimu,ε Z

exists and is called the u-dimension of the set Z with respect to the flow Φ. When u ≡ 1
the number dimu Z coincides with the topological entropy h(Φ|Z) of Φ on the set Z.

Theorem 11. Let Λ ⊂M be a locally maximal hyperbolic set for a C1 topologically mixing
flow Φ = (ϕt)t∈R such that h(Φ) < ∞. Let a = (at)t≥0 and b = (bt)t≥0 be asymptotically
additive families of continuous functions in AA(Λ) and such that

lim
t→∞

1

t

∫
Λ
btdµ ≥ 0 for all µ ∈ M(Φ)

with equality only permitted when

lim
t→∞

1

t

∫
Λ
atdµ ̸= 0.

If α /∈ P(M(Φ)), then KΦ
α (a, b) = ∅. Moreover, if α ∈ intP(M(Φ)) then KΦ

α (a, b) ̸= ∅, and
the following properties hold:

1. the level sets KΦ
α (a, b) satisfy the conditional variational principle

dimuK
Φ
α (a, b) = sup

{
hµ(Φ)∫
Λ udµ

: µ ∈ Merg(Φ) and P(µ) = α

}
;

2. dimuK
Φ
α (a, b) = inf{Tu(q) : q ∈ R}, where Tu(q) is defined by Tu(q) = inf{t ∈ R :

P (q(a− αb)− tu) ≤ 0};

3. for each ε > 0 there exists an ergodic measure µα supported on KΦ
α (a, b) such that∣∣∣∣ dimu µα =

hµα(Φ)∫
Λ udµα

− dimuK
Φ
α (a, b)

∣∣∣∣ < ε
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4. the spectrum α 7→ dimuK
Φ
α (a, b) is continuous on intP(M(Φ)).

Notice that here we no longer require that span{a, b, u} ⊂ E(X) as in [BH21b]. Moreover,
this result extends Theorem 9 in [BH21b] to asymptotically additive families.

The proof will be divided in several steps.
First, let us recall some definitions and introduce some nomenclature used in this section.

Let X be a compact metric space, T : X → X a continuous map. We write M(T ) to denote
the space of T -invariant measures, Merg(T ) the space of T -invariant ergodic measures, and
C(X) the space of continuous real valued functions defined on X. Let φ,ψ ∈ C(X), where∫
X ψdµ ≥ 0 for all µ ∈ M(T ) with equality only permitted if

∫
X φdµ ̸= 0. We consider the

map P : M(T ) → R given by

PT (µ) :=

∫
X φdµ∫
X ψdµ

.

We also define the level sets for φ,ψ by

KT
α (φ,ψ) :=

{
x ∈ X : lim

n→∞

Snφ(x)

Snψ(x)
= α

}
,

where Snh =
∑n−1

k=0 h ◦ T k for every function h : X → R.

Theorem 12 ([Cli13, Theorem 3.3]). Let X be a compact metric space and T : X → X be
a continuous map such that the map µ 7→ hµ(T ) is upper semicontinuous and h(T ) <∞.
Suppose that there is a dense subspace D ⊂ C(X) such that every φ ∈ D has a unique
equilibrium measure. Let φ,ψ ∈ C(X) be such that

∫
X ψdµ ≥ 0 for all µ ∈ M(T ) with

equality only permitted if
∫
X φdµ ̸= 0. Then KT

α (φ,ψ) = ∅ for every α /∈ PT (M(T )), while
for every α ∈ intPT (M(T )) we have that

1. the level sets KT
α (φ,ψ) satisfy the conditional variational principle

dimuK
T
α (φ,ψ) = sup

{
hµ(T )∫
X udµ

: µ ∈ M(T ) and PT (µ) = α

}
;

2. dimuK
T
α (φ,ψ) = inf{Tu(q) : q ∈ R}, where Tu(q) is defined by Tu(q) = inf{t ∈ R :

Pclassic(q(φ− αψ)− tu) ≤ 0};

3. For each ε > 0 there exists an ergodic measure µ supported on KT
α (φ,ψ)) such that∣∣∣∣ hµ(T )∫

X udµ
− dimuK

T
α (φ,ψ)

∣∣∣∣ < ε.

Moreover, by Proposition 2.14 in [Cli13], one can see that the map

α→ dimuK
T
α (φ,ψ)

31



is continuous on intPT (M(T )).
We recall that a sequence of functions F = (fn)n≥1 is asymptotically additive (with

respect to T ) if for each ε > 0 there exists a function f such that

lim sup
n→∞

1

n
∥fn − Snf∥∞ < ε.

We also recall that a sequence F = (fn)n≥1 is almost additive (with respect to T ) if
there exists C > 0 such that

−C + fm(x) + fn(T
m(x)) ≤ fm+n(x) ≤ fm(x) + fn(T

m(x)) + C

for every x ∈ X and all m,n ≥ 1.
Let F = (fn)n≥0 and G = (gn)n≥0 be two almost additive sequences of continuous

functions where limn→∞
1
n

∫
X gndµ ≥ 0 for all µ ∈ M(T ) with equality only permitted if

limn→∞
1
n

∫
X fndµ ̸= 0.

Consider level sets

KT
α (F,G) :=

{
x ∈ X : lim

n→∞

fn(x)

gn(x)
= α

}
,

and also the map QT : M(T ) → R defined by

QT (µ) = lim
n→∞

∫
X fndµ∫
X gndµ

.

Corollary 13. Let X be a compact metric space and T : X → X a map satisfying the
conditions in Theorem 12. Then KT

α (F,G) = ∅ for every α /∈ QT (M(T )), while for every
α ∈ intQT (M(T )) we have that

1. the level sets KT
α (F,G) satisfy the conditional variational principle

dimuK
T
α (F,G) = sup

{
hµ(T )∫
X udµ

: µ ∈ M(T ) and QT (µ) = α

}
;

2. dimuK
T
α (F,G) = inf{Tu(q) : q ∈ R}, where Tu(q) is defined by Tu(q) = inf{t ∈ R :

P (q(F − αG)− tu) ≤ 0};

3. For each ε > 0 there exists an ergodic measure µ supported on KT
α (F,G) such that∣∣∣∣ hµ(T )∫

X udµ
− dimuK

T
α (F,G)

∣∣∣∣ < ε.

4. the function α→ dimuK
T
α (F,G) is continuous on intQT (M(T )).
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Proof. By Theorem 1.2 in [Cun20] there exist f, g ∈ C(X) such that

lim
n→∞

1

n
∥fn − Snf∥∞ = 0 and lim

n→∞

1

n
∥gn − Sng∥∞ = 0.

By the variational principle for almost additive sequence of continuous functions, one can
see that

P (q(F − αG)− su) = Pclassic(q(f − αg)− su)

for every q, α and s ∈ R. Moreover, PT (µ) = QT (µ) for all µ ∈ M(T ), and KT
α (F,G) =

KT
α (f, g) for each α ∈ R. Hence, the result now follows directly from Theorem 12.

We say that a continuous map T : X → X on a compact metric space X (or a continuous
flow Φ on X) has entropy density of ergodic measures if for every invariant measure µ
there exist ergodic measures νn for n ∈ N such that νn → µ in the weak∗ topology and
hνn(T ) → hµ(T ) (or hνn(Φ) → hµ(Φ)) when n→ ∞.

In order to give some examples having entropy density of ergodic measures, we will first
recall a few notions. Given δ > 0, we say that T has weak specification at scale δ if there
exists γ ∈ N such that for every (x1, n1), . . . , (xk, nk) ∈ X × N there are y ∈ X and times
γ1, . . . , γk−1 ∈ N such that γi ≤ γ and

dni(T
si−1+γi−1(y), xi) < δ for i = 1, . . . , k,

where si =
∑i

i=1 ni +
∑i−1

i=1 γi with n0 = γ0 = 0. When one can take γi = γ for i =
1, . . . , k − 1, we say that T has specification at scale δ. Finally, we say that T has weak
specification if it has weak specification at every scale δ and, analogously, we say that T has
specification if it has specification at every scale δ.

It was shown in [EKW94] and [PS05] that mixing subshifts of finite type and mixing
locally maximal hyperbolic sets have entropy density of ergodic measures. More recently,
it was shown in [CLT20] that a continuous map T : X → X on a compact metric space
with the weak specification property such that the entropy map µ 7→ hµ(T ) is upper
semicontinuous, has entropy density of ergodic measures. Some examples include expansive
maps with specification or with weak specification, topologically transitive locally maximal
hyperbolic sets for diffeomorphisms, and transitive topological Markov chains.

We can also introduce the same notions for flows. Let Φ = (ϕt)t∈R be a continuous flow
on a compact metric space X. We say that Φ has weak specification at scale δ > 0 if there
exists γ > 0 such that for every finite collection of orbit segments {(xi, ti)}ki=1, there exists
a point y ∈ X and a sequence of transition times γ1, ..., γk−1 ∈ [0, γ] such that

dtj (ϕsj−1+γj−1(y), xj) < δ for j = 1, ..., k,

where sj =
∑j

i=1 ti +
∑j−1

i=1 γi and s0 = γ0 = 0. We say that Φ has weak specification if
it has weak specification at every scale δ. When, for every scale δ > 0, we can take the
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approximating orbit y ∈ X to be periodic, and the transition times γi close to γ, we say that
Φ has specification. For a proper definition, see for example [Bow72]. It was also proved in
[CLT20] that every expansive flow with the weak specification property has entropy density
of ergodic measures. In particular, locally maximal hyperbolic sets for C1 topologically
mixing flows are expansive and have the specification property, that is, they have entropy
density of ergodic measures.

Proof of Theorem 11. We are going to use the Markov partitions introduced in subsection
2.2. Let us start proving the result for almost additive families a and b.

Let’s consider the following level sets

KΦ
α (a, b) :=

{
x ∈ Λ : lim

t→∞

at(x)

bt(x)
= α

}
, KTZ

α (c, d) :=

{
x ∈ Z : lim

n→∞

cn(x)

dn(x)
= α

}
,

where c = (cn)n∈N and d = (dn)n∈N are almost additive sequences of continuous functions
given by cn(x) = aτn(x)(x) and dn(x) = bτn(x)(x) (see Lemma 3.1 in [BH21a]). By Lemma
3.4 in [BH21a], for every Φ-invariant measure µ induced by an ergodic TZ-invariant measure
ν, we have that

P(µ) := lim
t→+∞

∫
X atdµ∫
X btdµ

= lim
n→+∞

∫
X cndν∫
X bndν

:= QTZ
(ν). (28)

We also recall that a TZ-invariant measure ν is ergodic if and only if the induced
Φ-invariant measure µ is ergodic (see identity (11)).

It follows from Proposition 8, Lemma 14 and Lemma 15 in [BH21b] that

dimuK
Φ
α (a, b) = dimu{ϕs(x) ∈ Λ : x ∈ Kα(c, d) and s ∈ [0, τ(x)]}

= inf{β ∈ R : Nβ(Kα(c, d)) = 0} = dimIu K
TZ
α (c, d).

(29)

Now we are going to check the conditions to apply Corollary 13 for the map TZ and the
sequences c and d. In fact, since Φ is expansive, one can verify that TZ is also expansive,
which implies that ν 7→ hν(TZ) is upper semicontinuous. Moreover, by Abramov’s entropy
formula (identity (12)), we have

hν(TZ) ≤ hµ(Φ) sup τ ≤ h(Φ) sup τ <∞

for every ν ∈ M(TZ), and then h(TZ) <∞. Letting D be the space of Hölder continuous
functions, one can see that D is dense in the space of continuous functions φ : Z → R, and
every Hölder continuous function has a unique equilibrium measure with respect to the
map TZ .

By hypothesis, limt→∞
1
t

∫
Λ btdµ ≥ 0 for all µ ∈ M(Φ) with equality only permitted

when limt→∞
1
t

∫
Λ atdµ ̸= 0. It follows again from Lemma 3.4 in [BH21a] that

limn→∞
1
n

∫
Z cndν∫

Z τdν
= lim

t→∞

1

t

∫
Λ
atdµ and
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limn→∞
1
n

∫
Z dndν∫

Z τdν
= lim

t→∞

1

t

∫
Λ
btdµ.

for every Φ-invariant ergodic measure µ induced by an ergodic TZ-invariant measure ν. Since∫
Z τdν > 0 for all ν ∈ M(TZ), we obtain that limn→∞

1
n

∫
Z dndν ≥ 0 for all ν ∈ Merg(TZ)

and, in particular, that

lim
n→∞

1

n

∫
Z
dndν = 0 implies lim

n→∞

1

n

∫
Z
cndν ̸= 0 for all ν ∈ Merg(TZ). (30)

Now observe that TZ : Z → Z is topologically mixing and is conjugated to a topological
Markov chain σ : ΣA → ΣA (see subsection 2.2). From this, one can see that TZ has
entropy density of ergodic measures which, in particular, implies that Merg(TZ) is dense in
M(TZ). Let η ∈ M(TZ). By the density of Merg(TZ) in M(TZ), given ε > 0 there exists
ν ∈ Merg(TZ) such that∫

Z

1

n
dndη >

∫
Z

1

n
dndν − ε for every n ≥ 1.

Then

lim
n→∞

1

n

∫
Z
dndη ≥ lim

n→∞

1

n

∫
Z
dndν − ε ≥ −ε.

Since the measure η and ε > 0 are arbitrary, we conclude that limn→∞
1
n

∫
Z dndν ≥ 0 for

every ν ∈ M(TZ).
Now fix any measure η ∈ M(T ). Given ε > 0, the entropy density of ergodic measures

implies the existence of ν ∈ Merg(TZ) such that∣∣∣∣ lim
n→∞

1

n

∫
Z
dndη − lim

n→∞

1

n

∫
Z
dndν

∣∣∣∣ ≤ ε and

∣∣∣∣ lim
n→∞

1

n

∫
Z
cndη − lim

n→∞

1

n

∫
Z
cndν

∣∣∣∣ ≤ ε.

(31)
Now suppose that

lim
n→∞

1

n

∫
Z
dndη = 0 and lim

n→∞

1

n

∫
Z
cndη = 0.

Then it follows from (31) that∣∣∣∣ lim
n→∞

1

n

∫
Z
dndν

∣∣∣∣ ≤ ε and

∣∣∣∣ lim
n→∞

1

n

∫
Z
cndν

∣∣∣∣ ≤ ε.

By the arbitrariness of ε, this contradicts (30). Hence, since η ∈ M(TZ) is also arbitrary,
we conclude in particular that

lim
n→∞

1

n

∫
Z
dndη = 0 implies lim

n→∞

1

n

∫
Z
cndη ̸= 0 for all η ∈ M(TZ),
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as desired. Now we finally are in the conditions of applying Corollary 13.
Let µ ∈ M(TZ) with QTZ

(µ) = α. By applying item (1) of Corollary 13 to the map
TZ : Z → Z and the sequences c and d, we have

dimIu K
TZ
α (c, d) ≥ hµ(TZ)∫

Z Iudµ
.

Given any ε > 0, by item (3) of Corollary 13, there exists ν ∈ Merg(TZ) with QTZ
(ν) = α

such that
hν(TZ)∫
Z Iudν

> dimIu K
TZ
α (c, d)− ε ≥ hµ(TZ)∫

Z Iudµ
− ε.

Since the measure µ and ε > 0 are arbitrary, we obtain that

sup

{
hν(TZ)∫
X Iudν

: ν ∈ Merg(TZ) and QTZ
(ν) = α

}
≥ dimIu K

TZ
α (c, d).

Then, from the fact that Merg(TZ) ⊂ M(TZ), we conclude that

dimIu K
TZ
α (c, d) = sup

{
hν(TZ)∫
X Iudν

: ν ∈ Merg(TZ) and QTZ
(ν) = α

}
. (32)

Now it follows from (11), (12) and (28) that for each ν ∈ Merg(TZ) with QTZ
(ν) = α,

the induced measure η ∈ Merg(Φ) is such that P(η) = α, and

hη(Φ)∫
Λ udη

=

(
hν(TZ)∫
Z τdν

)(
1∫

Λ udη

)
=

(
hν(TZ)∫
Z τdν

)( ∫
Z τdν∫
Z Iudν

)
=
hν(TZ)∫
Z Iudν

. (33)

Hence, it follows from (29) and (32) that

dimuK
Φ
α (a, b) = sup

{
hµ(Φ)∫
Λ udµ

: µ ∈ Merg(Φ) and P(µ) = α

}
,

and this proves the item (1) of Theorem 11.
Now let us prove the item (2). For each µ ∈ Merg(Φ) induced by ν ∈ Merg(TZ), we have

hµ(Φ) + lim
t→∞

1

t

∫
Λ
q(at − αbt)dµ− s

∫
Λ
udµ

=
hν(TZ)∫
Z τdν

+
limn→∞

∫
Z q(cn − αdn)dν∫
Z τdν

−
s
∫
Z Iudν∫
Z τdν

for every α, q, s ∈ R. Since 0 < inf τ := infx∈Λ τ(x) ≤ infx∈Z τ(x), we have

hµ(Φ) + lim
t→∞

1

t

∫
Λ
q(at − αbt)dµ− s

∫
Λ
udµ

≤ hν(TZ) + lim
n→∞

∫
Z
[q(cn − αdn)− sIu]dν

(
1

inf τ

)
≤ P (q(c− αd)− sIu)

(
1

inf τ

)
,
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which implies that

P (q(a− αb)− su) ≤ P (q(c− αd)− sIu)

(
1

inf τ

)
for every α, q, s ∈ R. Hence, Tu(q) ≤ TIu(q) for every q ∈ R.

Since sup τ := supx∈Λ τ(x) <∞, we can follow in an analogous way to obtain that

P (q(a− αb)− su) ≥ P (q(c− αd)− sIu)

(
1

sup τ

)
for every α, q, s ∈ R. Then, Tu(q) ≥ TIu(q) for every q ∈ R. Since it follows from (29) that
dimuK

Φ
α (a, b) = dimIu K

TZ
α (c, d), the item (2) of Corollary 13 gives that

dimuK
Φ
α (a, b) = dimIu K

TZ
α (c, d) = inf{TIu(q) : q ∈ R} = inf{Tu(q) : q ∈ R}

for each α ∈ intP(M(Φ)), as desired.
In order to prove item (3), we just observe again that

dimuK
Φ
α (a, b) = dimIu K

TZ
α (c, d)

and that we can use (33) together with item (3) of Corollary 13.
Now let us show how to obtain the item (4) using entropy density of ergodic measures.

Since Λ is a locally maximal hyperbolic set for the C1 topologically mixing flow Φ, we have
that Φ|Λ has entropy density of ergodic measures. In particular, the set Merg(Φ) is dense
in M(Φ). Additionally, recall that TZ also has entropy density of ergodic measures.

By (28) we already know that P(Merg(Φ)) = QTZ
(Merg(TZ)). Since Merg(Φ) = M(Φ),

Merg(TZ) = M(TZ), and the maps µ 7→ P(µ), ν 7→ QTZ
(ν) are continuous, we have that

QTZ
(M(TZ)) = QTZ

(Merg(TZ)) = QTZ
(Merg(TZ))

= P(Merg(Φ)) = P(Merg(Φ)) = P(M(Φ)).
(34)

It follows from item (4) of Corollary 13 that α 7→ dimIu K
TZ
α (c, d) is continuous on

intQTZ
(M(TZ)). Since dimuK

Φ
α (a, b) = dimIu K

TZ
α (c, d), by (34) we conclude that the map

α 7→ dimuK
Φ
α (a, b) is also continuous on intP(M(Φ)), and the Theorem 11 is proved for

almost additive families. Since, in particular, the result holds for the additive case, now we
can use directly Corollary 3 to complete the proof for asymptotically additive families.

Remark. Notice that one could start proving Theorem 11 for the additive case (without
the hypothesis on density of ergodic measures) and after that, apply Theorem 1 to obtain
the full result for asymptotically and, consequently, almost additive families. The choice to
start proving the result already in the almost additive case is due to some connections to
the aforementioned results in the previous works [BH21a] and [BH21b].

Remark. Observe that since we cannot guarantee the uniqueness of equilibrium measures
for asymptotically additive families (even for hyperbolic flows), the extension of Climenhaga’s
results in [Cli13] to include continuous potentials is crucial for our extension to asymptotically
additive families.
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3 Part II: a nonadditive Livšic theorem and some regularity
relations

The second part of this work is inspired and based on the recent developments presented in
[HS24] for the case of discrete-time dynamical systems. The main focus here is to extend
the notions and ideas to the case of flows, allowing us to study regularity equivalence issues
for asymptotically and almost additive families with respect to suspension flows and, in
particular, hyperbolic flows.

3.1 Cohomology for asymptotically additive families

In this subsection, we are going to introduce some notions of cohomology for asymptotically
additive families of continuous functions with respect to flows. The definitions are inspired
by the physical equivalence results obtained in Part I (see Theorem 1, Corollary 2, Corollary
3 and Theorem 5). We start recalling some basic concepts and tools in the additive (classical)
setup.

We say that a function ψ : X → R is Walters (with respect to a flow Φ) if for each ε > 0
there exists a δ > 0 such that for x, y ∈ X and t ≥ 0, we have that

dt(x, y) < δ =⇒ |Stψ(x)− Stψ(y)| < ε,

where dt(x, y) = max{d(ϕs(x), ϕs(y)) : s ∈ [0, t]}. In this case, we also say that the additive
family (Stψ)t≥0 satisfies the Walters property. Moreover, we say that a function ξ : X → R
is Bowen (with respect to Φ) if there exist two numbers L > 0 and δ > 0 such that for
x, y ∈ X and t ≥ 0, we have that

dt(x, y) < δ =⇒ |Stξ(x)− Stξ(y)| ≤ L.

Clearly every Walters function is also Bowen. In the hyperbolic framework, the Hölder
continuous functions are always Walters and, consequently, Bowen (see Proposition 7.3.1 in
[FH20]).

A continuous flow Φ on a compact metric space X is said to satisfy the Closing Lemma
if for every ε > 0 there exists δ > 0 such that if x ∈ X and t ≥ 0 satisfying d(ϕt(x), x) < δ,
then there exists a periodic orbit {ϕs(y) : 0 ≤ s ≤ T} with |T − t| < ε such that dt(x, y) < ε
(see for example Theorems 5.3.11 and 6.2.4 in [FH20]).

Let us recall the notion of cohomology for functions with respect to flows. A continuous
function a : X → R is said to be Φ-cohomologous to zero if there exists a continuous function
q : X → R such that

a(x) = lim
t→0

q(ϕt(x))− q(x)

t
for every x ∈ X.
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We say that a point x ∈ X has a forward dense orbit if {ϕs(x) : s ≥ 0} = X. When
{ϕs(x) : s ∈ R} = X, we say that x ∈ X has a dense orbit. We say that a flow is topologically
transitive if there exists at least one point with a forward dense orbit.

The next result is a slightly more general version of the celebrated Livšic theorem for
flows ([Liv72]). Unless explicitly stated, X is always assumed to be a compact metric space.

Definition 3. Let Φ = (ϕt)t∈R be a continuous flow on a compact metric space X. Φ is
said to satisfy the Closing Lemma if for every ε > 0 there exists δ > 0 such that if x ∈ X
and t ≥ 0 satisfying d(ϕt(x), x) < δ, then there exists a periodic orbit {ϕs(y) : 0 ≤ s ≤ T}
with |T − t| < ε such that d(ϕs(x), ϕs(y)) < ε for all 0 ≤ s ≤ t.

Let us recall the notion of cohomology for functions. A continuous function a : X → R
is said to be Φ-cohomologous to zero if there exists a continuous function q : X → R such
that

a(x) = lim
t→0

q(ϕt(x))− q(x)

t
for every x ∈ X.

We say that a point x ∈ X has a forward dense orbit if {ϕs(x) : s ≥ 0} = X. When
{ϕs(x) : s ∈ R} = X, we say that x ∈ X has a dense orbit. We say that a flow is topologically
transitive if there exists at least one point with a forward dense orbit.

The following proposition is a more general version of the so-called Livšic Theorem
originally obtained in [Liv72].

Theorem 14. Let Φ = (ϕt)t∈R be a topologically transitive continuous flow satisfying the
Closing Lemma, and a : X → R a continuous function satisfying the Walters property.
Then a is cohomologous to zero if and only if for every periodic point x = ϕT (x) we have
STa(x) = 0.

Proof. See the proof of Theorem 5.3.23 in [FH20].

We also can obtain a characterization of additive families generated by coboundary
functions.

Proposition 15. Under the conditions of Theorem 14, a function a : X → R is Φ-
cohomologous to zero if and only if

lim
t→∞

1

t
∥Sta∥∞ = 0.

In particular,

lim
t→∞

1

t
∥Sta∥∞ = 0 if and only if sup

t≥0
∥Sta∥∞ <∞.

Proof. Suppose a is Φ-cohomologous to zero. This implies the existence of a continuous
function q : X → R such that Sta = q ◦ ϕt − q for all t ≥ 0. Consequently, one has
∥Sta∥∞ ≤ 2∥q∥∞ <∞ for every t ≥ 0. Then, limt→∞

1
t ∥Sta∥∞ = 0.
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Conversely, let limn→∞
1
t ∥Sta∥∞ = 0. The Lebesgue’s dominated convergence theorem

together with the Birkhoff’s ergodic theorem for flows gives that

0 =

∫
X

lim
n→∞

1

t
Sta dµ =

∫
X
a dµ for all µ ∈ M(Φ). (35)

For all x ∈ X with x = ϕT (x), the measure (
∫ T
0 δϕs(x)ds)/T is Φ-invariant. In particular,

identity (35) gives that STa(x) = 0 for all x ∈ X with x = ϕT (x). Hence, by Theorem 14
we conclude that a is Φ-cohomologous to zero, as desired.

Based on Proposition 15, we give a definition of cohomology for asymptotically additive
families of continuous potentials.

Definition 4. We say that an asymptotically (or almost) additive family of continuous
functions A = (at)t≥0 is Φ-cohomologous to a constant if there exists a continuous function
a which is Φ-cohomologous to a constant and such that

lim
t→∞

1

t
∥at − Sta∥∞ = 0.

One can easily check that a family A = (at)t≥0 is Φ-cohomologous to a constant if and
only if the sequence (an/n)n∈N is uniformly convergent to a constant. In particular, A is
Φ-cohomologous to zero if and only if limt→∞

1
t ∥at∥∞ = 0.

Observe that, in general, the classical definition of cohomology for a function is way
stronger than the one we are suggesting for nonadditive sequences in Definition 4. On the
other hand, Proposition 15 also hints into a new definition which is still weaker than the
classical one but stronger than Definition 4:

Definition 5. An asymptotically (or almost) additive family of continuous functions
A = (at)t≥0 is Φ-cohomologous to a constant if there exists a continuous function a
Φ-cohomologous to a constant and such that

sup
n∈N

∥at − Sta∥∞ <∞.

In this case, A is Φ-cohomologous to zero if and only if A is uniformly bounded.
In the next section, our main result gives a scenario where the definitions 4 and 5 are,

in fact, equivalent for almost additive families (see Theorem 16).

3.2 A Livšic-type theorem for almost additive families

Let Φ = (ϕt)t∈R be a continuous flow on a compact metric space X. We say that a family
of functions A = (at)t≥0 has bounded variation if there exists ε > 0 such that

sup
t≥0

sup{|at(x)− at(y)| : dt(x, y) < ε} <∞,
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where dt(x, y) := max{d(ϕs(x), ϕs(y)) : s ∈ [0, t]}. Moreover, we say that A has tempered
variation if

lim sup
ε→0

lim
t→∞

γt(ε)

t
= 0,

where γt(ε) := sup{|at(x)− at(y)| : dt(x, y) < ε}.
We note that if ϕ : X → R satisfies the Bowen property then the additive sequence

(Stϕ)t≥0 has bounded variation. The Walters property for functions (additive families)
also can be extended naturally to the nonadditive case. A family of functions A = (at)t≥0

satisfies the Walters property if for each κ > 0 there exists ε > 0 such that for x, y ∈ X and
t ≥ 0, we have that d(ϕs(x), ϕs(y)) < ε for every s ∈ [0, t] implies |at(x)− at(y)| < κ. It is
clear from the definitions that a family satisfying the Walters property also satisfies the
Bowen property.

The following theorem is our main result in this part.

Theorem 16. Let Φ = (ϕt)t≥0 be a topologically transitive continuous flow on a compact
metric space X and satisfying the Closing Lemma. Let B = (bt)t≥0 be an almost additive
family of continuous functions (with respect to Φ) with bounded variation. Then, the
following are equivalent:

1. limt→∞ ∥bt∥∞/t = 0;

2. supt≥0 ∥bt∥∞ <∞;

3. there exists K > 0 such that |bt(p)| ≤ K for all p ∈ X and t ≥ 0 with ϕt(p) = p.

The following result is a direct consequence of Theorem 16.

Corollary 17. Let A = (at)t≥0 be an almost additive family of continuous functions with
bounded variation. Then, a continuous function a : X → R such that (Sta)t≥0 has bounded
variation satisfies

lim
t→∞

1

t
∥at − Sta∥∞ = 0 if and only if sup

t≥0
∥at − Sta∥∞ <∞.

In particular, if (Sta)t≥0 does not have bounded variation we must have

sup
t≥0

∥at − Sta∥∞ = ∞.

Notice that Corollary 17 readily implies that the Bowen regularity problem is in fact
equivalent to the uniform bound problem for topologically transitive flows satisfying the
Closing Lemma. We also note that Theorem 16 is an extension of Proposition 15 to the
case of almost additive families of functions.
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Remark. Observe that Proposition 15 asks for the sequence of potentials to have the
Walters property, which is stronger than the bounded variation condition. This is because
the classical cohomology result obtained for a single potential is also stronger than the
uniformly bounded one obtained in Theorem 16. In addition to that, as we shall see on
subsection 3.2.1, Theorem 16 is also particularly related to Theorem 1.2 in [Kal11], where
control over the periodic data implies control over the full data.

In order to prove Theorem 16, let us first obtain a more general auxiliary result.

Lemma 4. Let Φ = (ϕt)t∈R be a continuous flow on a compact metric space X and let
C = (ct)t≥0 be an almost additive family of continuous functions with uniform constant
C > 0 and such that limt→∞ ∥ct∥∞/t = 0. Then

1. for every τ -periodic point x0 ∈ X, we have supq∈N |cqτ (x0)| ≤ C;

2. for every τ -periodic point x0, there exists a constant L := L(τ) ≥ 0 (only depending
on the period of x0) such that supt≥0 |ct(x0)| ≤ L;

3. we have

sup
µ∈M(Φ)

∣∣∣∣ ∫
X
ctdµ

∣∣∣∣ ≤ C for all t ≥ 0.

Proof. We proceed as in the proof of Lemma 4 in [HS24]. Since the family C is almost
additive with uniform constant C > 0, one can see that

p−1∑
k=0

ct ◦ ϕkt − (p− 1)C ≤ cpt ≤
p−1∑
k=0

ct ◦ ϕkt + (p− 1)C (36)

for all t ≥ 0 and p ∈ N.
Now suppose x0 is a τ -periodic point, that is, ϕτ (x0) = x0. If t = qτ for some q ∈ N,

then ϕkt(x0) = ϕkqτ (x0) = (ϕτ ◦ ϕτ ◦ · · · ◦ ϕτ )︸ ︷︷ ︸
kq times

(x0) = x0 for all k ∈ N. In particular, this

implies that

lim
p→∞

1

p

p−1∑
k=0

ct(ϕkt(x0)) = ct(x0). (37)

Since limt→∞ ∥ct∥∞/t = 0, it follows directly from (36) and (37) that

−C ≤ ct(x0) = cqτ (x0) ≤ C. (38)

Since q ∈ N is arbitrary, we conclude the proof of item 1.
In order to obtain item 2, let x0 be a τ -periodic point, consider t = qτ + r with r ∈ (0, τ)

and fix the numbers

A(τ) := inf

{
inf
x∈X

cs(x) : s ∈ [0, τ ]

}
and B(τ) := sup

{
sup
x∈X

cs(x) : s ∈ [0, τ ]

}
. (39)

42



By almost additivity together with (38) and (39), we have that

−2C +A(τ) ≤ −C + cqt(x0) + cr(ϕqτ (x0)) ≤ ct(x0)

and
ct(x0) ≤ cqt(x0) + cr(ϕqτ (x0)) + C ≤ 2C +B(τ).

Therefore,

L1(τ) := min{A(τ)− 2C,−C} ≤ ct(x0) ≤ max{B(τ) + 2C,C} := L2(τ)

for all t ≥ 0. Taking L = L(τ) := max{|L1(τ)|, |L2(τ)|}, the item 2 is proved.
Now let us prove item 3. Suppose µ is a Φ-invariant measure. Then, in particular, µ is

also ϕt-invariant for every t ≥ 0. By applying that limt→∞ ∥ct∥∞/t = 0 in the inequalities
(36) together with the Birkhoff’s ergodic theorem applied to the map ϕt, we obtain that

−C ≤
∫
X

lim
p→∞

1

p

p−1∑
k=0

ct(ϕkt(x))dµ(x) =

∫
X
ctdµ ≤ C

for all t ≥ 0. Since the measure µ ∈ M(Φ) is arbitrary, the lemma is proved.

Proof of Theorem 16. The core idea in the proof is that any future position of any point
in the space can always be well approximated by a point contained in a fixed finite piece of
orbit.

x

z

ϕt(x)

ϕs(z) ϕτ (x)

ϕ∆(z,δ)(z)

Figure 1: Approximating any point in the space by a finite piece of a dense orbit.

Let us start fixing the uniform bound given by the bounded variation property. In fact,
since B has bounded variation, there exists ε > 0 such that

Q := sup
t≥0

sup{|bt(x)− bt(y)| : dt(x, y) < ε} <∞. (40)

Let’s show that 3 implies 2. Suppose that there exists a uniform constant K > 0 such
that |bt(p)| ≤ K for all p ∈ X and t ≥ 0 with ϕt(p) = p. Since Φ is topologically transitive
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there exists a point z ∈ X with a dense forward orbit. Now let δ > 0 be the number given by
the Closing Lemma (Definition 3). By the density of the forward orbit, there exists a number
∆(z, δ) ∈ R such that for each x ∈ X and t ∈ R there exists some s ∈ [0,∆(z, δ)] with
d(ϕt(x), ϕs(z)) < δ (see Figure 1). For t > ∆(z, δ), in particular, there exists s′ ∈ [0,∆(z, δ)]
such that d(ϕt(z), ϕs′(z)) < δ, which is the same as d(ϕt−s′(ϕs′(z)), ϕs′(z)) < δ.

By the Closing Lemma, there exists a point p ∈ X with ϕT (p) = p with |T − t+ s′| < ε
and such that dt−s′(ϕs′(z), p) < ε. From almost additivity, there exists a uniform constant
L = L(ε) > 0 such that ∥bT − bt−s′∥∞ ≤ L. Applying the bounded variation condition (40)
we have that

|bt−s′(ϕs′(z))− bt−s′(p)| ≤ Q,

which gives that |bt−s′(ϕs′(z)| ≤ Q+ |bt−s′(p)| ≤ Q+ |bT (p)|+ L ≤ Q+K + L. By using
almost additivity again, we get

|bt(z)| = |b(t−s′)+s′(z)| ≤ |bs′(z)|+ |bt−s′(ϕs′(z))|+ C

≤ sup
s∈[0,∆(z,δ)]

|bs(z)|+Q+K + L+ C := K̃.

Since the time t > ∆(z, δ) was arbitrarily chosen and also taking into consideration times
0 < t ≤ ∆(z, δ), there exists K0 ≥ K̃ such that |bt(z)| ≤ K0 for all t ≥ 0. Notice that the
constant K0 > 0 depends only on z, δ > 0 and ε > 0.

Applying the almost additivity property one more time, we have

|bt(ϕs(z)| ≤ |bs(z)|+ |bt+s(z)|+ C ≤ 2K0 + C for all t, s ≥ 0.

Now consider any point x ∈ X. Since {ϕt(z) : t ≥ 0} = X, there exists a sequence of points
(zq)q≥1 ⊂ {ϕt(z) : t ≥ 0} such that limq→∞ zq = x. Since every function bt : X → R is
continuous, we obtain that

|bt(x)| = lim
q→∞

|bt(zq)| ≤ 2K0 + C.

Hence, by the arbitrariness of x, we conclude that supt≥0 ∥bt∥∞ ≤ 2K0+C <∞, as desired.
It is obvious that 2 implies 1. Moreover, by Lemma 4, we have that 1 implies 3 and the
theorem is proved.

Remark. Notice that, with the exception of the core idea coming from the counterpart
result for maps in [HS24], the proof of Theorem 16 does not use any direct tool from the
discrete-time case and also does not depend on any physical equivalence results with respect
to maps or flows.

Theorem 16 does not hold for asymptotically additive nor subadditive families in general.
In fact, let Φ be any continuous flow on a compact metric space X and consider the family
A = (at)t≥0 given by at(x) :=

√
t for all t ≥ 0 and x ∈ X. The family A has bounded
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variation and is asymptotically additive and also subadditive with respect to Φ. Moreover, it
is clear that limt→∞ ∥at∥∞/t = 0 but supt≥0 ∥at∥∞ = ∞. In fact, proceeding as in Example
1 in [HS24], one can show that

sup
t≥0

∥∥∥∥at − ∫ t

0
(a ◦ ϕs)ds

∥∥∥∥
∞

= ∞ for every continuous function a : X → R.

This simple example shows that Theorem 16 has the optimal nonadditive setup in the
sense that it cannot be extended to more general classes of families. Moreover, it also
indicates that definitions 4 and 5 are not equivalent for asymptotically additive families in
general.

3.2.1 An application to linear cocycles

In this section we follow closely some definitions and notions of [BH21b].
Let Φ = (ϕt)t∈R be a continuous flow on a compact metric space M . Moreover, let

GL(d,R) be the set of all invertible d×d matrices. A continuous map A : R×M → GL(d,R)
is called a linear cocycle over Φ if for all t, s ∈ R and x ∈M we have:

1. A(0, x) = Id;

2. A(t+ s, x) = A(s, ϕt(x))A(t, x).

We shall always assume that all entries aij(t, x) of A(t, x) are positive for every (t, x) ∈
R ×M . Moreover, for definiteness we shall consider the norm on GL(d,R) defined by
∥B∥ =

∑d
i,j=1 |bij |, denoting by bij the entries of the matrix B.

Now we consider the family of continuous functions a := (at)t≥0 defined by

at(x) = log ∥A(t, x)∥ for all t ≥ 0 and x ∈M .

It follows from Proposition 12 in [BH21b] that the family a is almost additive with respect
to the flow Φ. Notice that for a general linear cocycle, the family a is only subadditive.

We say that the cocycle A has tempered distortion if

lim sup
t→∞

1

t
log sup

{
∥A(t, x)A(t, y)−1∥ : z ∈M and x, y ∈ Bt(z, ε)

}
= 0

for some ε > 0. Moreover, we say that A has bounded distortion if

sup
{
∥A(t, x)A(t, y)−1∥ : z ∈M and x, y ∈ Bt(z, ε)

}
<∞

for some ε > 0. Clearly, bounded distortion implies tempered distortion.
Now observe that

∥A(t, x)A(t, x)−1∥ = ∥Id∥ = d
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for every (t, x) ∈ R×M , which implies that

∥A(t, x)−1∥ ≥ d∥cA(t, x)∥−1.

Then,

∥A(t, x)A(t, y)−1∥ ≥ K

d
∥A(t, x)∥ · ∥A(t, y)−1∥ ≥ K∥A(t, x)∥ · ∥A(t, y)∥−1

and so ∣∣log ∥A(t, x)∥ − log ∥A(t, y)∥
∣∣ ≤ − logK + log ∥A(t, x)A(t, y)−1∥.

In particular, for z ∈M and ε > 0 we have

sup
x,y∈Bt(z,ε)

|at(x)− at(y)| ≤ − logK + log sup
x,y∈Bt(z,ε)

∥A(t, x)A(t, y)−1∥.

Hence, if A has tempered distortion, then the family a has tempered variation, and if A
has bounded distortion, then a has bounded variation.

For a concrete example of linear cocycles over flows, one can consider a C1 flow Φ on
a compact set M ⊂ Rd such that for every t ∈ R and x ∈ M the matrix dxϕt has only
positive entries. Then A(t, x) = dxϕt is a linear cocycle over Φ and the family a defined by
at(x) = log ∥dxϕt∥ is an almost additive family of continuous functions with respect to Φ.

Now let GL+(d,R) ⊂ GL(d,R) be the set of all matrices with strictly positive entries.
We have the following direct application of Theorem 16 to the case continuous-time cocycles:

Proposition 18. Let Φ = (ϕt)t∈R be a topologically transitive continuous flow on a
compact metric space M satisfying the Closing Lemma. Let A : R ×M → GL+(d,R) be
a linear cocycle over Φ and with bounded distortion. Suppose there exists a compact set
Ω ⊂ GL+(d,R) such that A(t, p) ⊂ Ω for all t ≥ 0 and p ∈M with ϕt(p) = p. Then there
exists a compact set Ω̃ such that A(t, x) ⊂ Ω̃ for all t ≥ 0 and x ∈M .

Proof. By the hypotheses, the family of continuous functions a := (at)t≥0 given by at(x) :=
log ∥A(t, x)∥ is almost additive with respect to Φ. Moreover, since the cocycle A has
bounded distortion, the family a has bounded variation. Now suppose there exists a
compact Ω ⊂ GL+(d,R) where A(t, p) ⊂ Ω for all t ≥ 0 and p ∈M with ϕt(p) = p. Since
the map A(t, p) 7→ log ∥A(t, p)∥ is continuous, there exists K > 0 such that |at(p)| ≤ K for
all t ≥ 0 and all p ∈M with ϕt(p) = p. By Theorem 16, there exists a constant K̃ > 0 such

that supt≥0 ∥at∥∞ ≤ K̃. In particular, this implies that e−K̃ ≤ ∥A(t, x)∥ ≤ eK̃ for all t ≥ 0
and all x ∈M . Hence, we conclude that

∥A(t, x)− Id∥ ≤ ∥A(t, x)∥+ ∥Id∥ ≤ eK̃ + d for all t ≥ 0 and x ∈M,

as desired.

Remark. Proposition 18 is a particular continuous-time counterpart of Theorem 1.2 in
[Kal11], where uniformly bounded periodic data guarantee a uniform bound for the entire
phase space.
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3.2.2 Nonadditive notions of (weak) Gibbs measures for maps and flows

In this section, we are going to consider families of functions derived from (not necessarily
invariant) measures. We will see later that those types of natural examples play an important
role in the understanding of some regularity problems arising from the physical equivalence
relation for flows. Let us first recall some relevant concepts and notions of the nonadditive
thermodynamic formalism for maps.

Let T : X → X be a continuous map of a compact metric space, and let F = (fn)n∈N be
an almost additive sequence of continuous functions with tempered variation (a condition
weaker than bounded variation). We have the following variational principle (see [Bar06]
and [Mum06]:

PT (F) = sup
µ∈M(T )

(
hµ(T ) + lim

n→∞

1

n

∫
X
fndµ

)
,

where PT (F) is the nonadditive topological pressure of F with respect to T , and hµ(T ) is
the Kolmogorov-Sinai entropy. A measure ν ∈ MT is said to be an equilibrium measure for
F (with respect to T ) if the supremum is attained in ν, that is,

PT (F) = hν(T ) + lim
n→∞

1

n

∫
X
fndν.

When F is an additive sequence generated by a single continuous function f : X → R, one
can easily see that

PT (F) = PT (f) and lim
n→∞

1

n

∫
X
fndµ =

∫
X
fdµ for all µ ∈ M(T ),

where PT (f) is the classical (additive) topological pressure of f with respect to the continuous
map T . For asymptotically additive sequences in general, Theorem 1.2 in [Cun20] allows us
to obtain the notion of nonadditive topological pressure and variational principle directly
from the classical theory.

Definition 6. We say that a measure µ on X (not necessarily T -invariant) is a Gibbs
measure with respect to an asymptotically additive (almost additive) sequence F = (fn)n∈N
if for any sufficiently small ε > 0 there exists a constant K(ε) ≥ 1 such that

K(ε)−1 ≤ µ(Bn(x, ε))

exp[−nPT (F) + fn(x)]
≤ K(ε)

for all x ∈ X and n ∈ N, where Bn(x, ε) is the Bowen ball given by

Bn(x, ε) := {y ∈ X : d(T k(x), T k(y)) < ε for all 0 ≤ k ≤ n− 1}.

It was introduced in [Bar06] a definition of Gibbs measures with respect to almost
additive sequences using Markov partitions. In this case, one can show that this notion of

47



Gibbs measures and the one in Definition 6 are equivalent when the system admits Markov
partitions with arbitrarily small diameter, as in the case of locally maximal hyperbolic sets
or repellers for C1 diffeomorphisms (see [Bow75a]).

In the case of shifts σ : ΣN → ΣN, the definition is simpler. A measure µ on ΣN is said
to be Gibbs with respect to F = (fn)n∈N when there exists a constant K ≥ 1 such that

K−1 ≤ µn(Ci1...in)

exp(−nPσ(F) + fn(x))
≤ K

for all x ∈ Ci1...in and n ∈ N, where Ci1...in is the cylinder set

Ci1...in := {y = (j1j2 · · · ) ∈ ΣN : j1 = i1, . . . , jn = in}.

In the same way, we also have the following

Definition 7. We say that a measure µ on X (not necessarily T -invariant) is a weak Gibbs
measure with respect to an almost additive sequence F = (fn)n∈N if for any sufficiently
small ε > 0 there exists a sequence (Kn(ε))n∈N ⊂ [1,∞) with limn→∞ logKn(ε)/n = 0 such
that

Kn(ε)
−1 ≤ µ(Bn(x, ε))

exp[−nPT (F) + fn(x)]
≤ Kn(ε)

for all x ∈ X and n ∈ N

These definitions are natural nonadditive versions of the classical Gibbs definitions with
respect to a single continuous function.

Let us now consider the case of continuous-time dynamical systems. Let X be a compact
metric space, T : X → X a continuous map and τ : X → (0,∞) a positive continuous
function. Consider the space

W =
{
(x, s) ∈ X × R : 0 ≤ s ≤ τ(x)

}
and let Y be the set obtained from W identifying (x, τ(x)) with (T (x), 0) for each x ∈ X.
By the Bowen-Walters distance (see [BW72]), the space Y is a compact metric space. Recall
that the suspension semi-flow over T with height function τ is the semi-flow Φ = (ϕt)t≥0

on Y with the maps ϕt : Y → Y defined by ϕt(x, s) = (x, s+ t) whenever t+ s ∈ [0, τ(x)].
Let X be a Riemannian manifold, T : X → X a C1 map, and let Λ ⊂ X be a compact

T -invariant set, that is, T−1(Λ) = Λ. The map T is said to be uniformly expanding on Λ if
there exist constants c > 0 and λ > 1 such that

∥dxfnv∥ ≥ cλn∥v∥ for all x ∈ Λ, n ∈ N and v ∈ TxM

In this case, the set Λ is called a repeller for the map T . For instance, T : [0, 1] → [0, 1]
given by T (x) = 2x mod 1 is a uniformly expanding map and the whole closed interval
[0, 1] is a repeller for T .
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Let M be any compact metric space. A map S :M →M is said to satisfy the property
P if for each Hölder continuous function ξ : M → R there exists a constant D > 0 such
that if x ∈M , n ∈ N and d(T k(x), T k(y)) < ε for all k ∈ {0, ..., n− 1}, then∣∣∣∣ n−1∑

k=0

ξ(Sk(x))−
n−1∑
k=0

ξ(Sk(y))

∣∣∣∣ < Dε.

Notice that full shifts, subshifts of finite type, uniformly expanding and hyperbolic maps
all satisfy the property P (see for example [Wal78] and [Bou02]).

Remark. In [BS00] the property P is called bounded distortion. We intentionally changed
the name in order not to cause too much confusion with the definitions given in subsections
2.4.2 and 3.2.1.

Now consider Φ the suspension semi-flow over a continuous map T : X → X satisfying
the property P and with Hölder continuous height function τ . Proposition 19 in [BS00]
guarantees that for each sufficiently small ε > 0 there exists a constant κ > 0 such that

BY
τm(x)((x, s), ε) ⊂ BX

m(x, κε)× (s− κε, s+ κε), (41)

BX
m(x, ε/κ)× (s− ε/κ, s+ ε/κ) ⊂ BY

τm(x)((x, s), ε) (42)

for every x ∈ X, 0 < s < τ(x) and m ∈ N, where

τn(x) =
n−1∑
k=0

r(T k(x)) for all x ∈ X,

BY
t (y, δ) := {z ∈ Y : d(ϕs(z), ϕs(y)) < δ for all s ∈ [0, t]},

BX
n (x, δ) := {w ∈ X : d(T k(w), T k(x)) < δ for all 0 ≤ k ≤ n− 1}.

Let a = (at)t≥0 be a family of almost additive continuous functions with respect to the
flow Φ. Following as in the proof of Lemma 3.1 in [BH21a], the sequence c = (cn)n∈N given
by cn(x) = aτn(x)(x) is almost additive with respect to T : X → X. Now consider µ a Gibbs
measure for the sequence c on X and let ν be the measure on Y induced by µ (see identity
(11))1. In particular, ν = (µ× λ)/(

∫
X τdµ), where λ is the Lebesgue measure on R. Since

µ is Gibbs, for any sufficiently small ε > 0 there exist K1(ε) > 0 and K2(ε) > 0 such that

K1(ε)
−1 exp[−mPT (c) + cm(x)] ≤ µ(BX

m(x, κε)) ≤ K1(ε) exp[−mPT (c) + cm(x)] (43)

K2(ε)
−1 exp[−mPT (c) + cm(x)] ≤ µ(BX

m(x, ε/κ)) ≤ K2(ε) exp[−mPT (c) + cm(x)] (44)

1For the almost additive thermodynamics with respect to maps, proper definitions of Gibbs and weak-
Gibbs measures for sequences, see [Bar06, Mum06] and the review [Bar10]).
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for all x ∈ X and m ∈ N.
Observe that by identity (13) and the definition of τm, we have that(

1

sup τ

)
PT (c) ≤ PΦ(a) ≤

(
1

inf τ

)
PT (c) and m inf τ ≤ τm(x) ≤ m sup τ.

Moreover, one can check that for all t > 0 there exists m ∈ N such that τm(x) ≤ t ≤ τm+1(x)
with t−τm(x) ∈ [0, sup τ ], which gives |at(x)−aτm(x)(x)| ≤ sups∈[0,sup τ ] ∥as∥∞ =: q. Hence,
it follows from (41) and (43) that

ν(BY
t (ϕs(x), ε)) ≤ ν(BY

τm(x)(ϕs(x), ε))

≤ 2κεK1(ε)

inf τ
exp[−τm(x)PΦ(a) + aτm(x)(x)]

≤ 2κεK1(ε)

inf τ
exp[sup τPΦ(a) + q]︸ ︷︷ ︸

=: L1

exp[−tPΦ(a) + at(x)]

=
2κεL1K1(ε)

inf τ
exp[−tPΦ(a) + at(x)]

for all x ∈ X and s ∈ [0, τ(x)]. By the almost additivity of the family a, we also have that
|at(x)− at(ϕs(x))| ≤ 2 sups∈[0,sup τ ] ∥as∥∞ =: q̃. Since for each y ∈ Y there exist x ∈ X and
s ∈ [0, sup τ ] such that y = ϕs(x), we finally get that

ν(BY
t (y, ε)) ≤ 2κεK1(ε)e

q̃

inf τ
exp[−tPΦ(a) + at(y)] = K̃1(ε) exp[−tPΦ(a) + at(y)]

for all y ∈ Y and t > 0, where K̃1(ε) := (2εL1K1(ε)e
q̃)/ inf τ only depends on ε > 0 and

the strictly positive function τ .
Proceeding in the same way, the identities (42) and (44) guarantee the existence of a

constant K̃2(ε) > 0 such that

ν(BY
t (y, ε)) ≥ K̃2(ε) exp[−tPΦ(a) + at(y)] for all y ∈ Y and t > 0.

So, we just showed that Gibbs measures for the almost additive sequence on the base
space induce a Gibbs property for the almost additive family with respect to the flow.
Analogously, one can show that weak Gibbs measures for the asymptotically additive
sequence on the base also induce measures which satisfy a weak Gibbs property for the
asymptotically additive family with respect to the flow. These relations involving (weak)
Gibbs properties between the map on base space and the flow also hold for suspension flows
over maps with the property P, including locally maximal hyperbolic sets for topologically
mixing C1 flows. Based on this, we have the following definitions:

Definition 8. Let Φ = (ϕt)t∈R be a continuous flow on a compact metric space M . We say
that a measure µ onM (not necessarily Φ-invariant) is a Gibbs measure for an asymptotically
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additive family of continuous functions a = (at)t≥0 (with respect to Φ) if for any sufficiently
small ε > 0 there exists a constant K(ε) ≥ 1 such that

K(ε)−1 ≤ µ(Bt(x, ε))

exp[−tPΦ(a) + at(x)]
≤ K(ε)

for all x ∈M and t > 0, where Bt(x, ε) is the usual Bowen ball with respect to Φ and PΦ(a)
is the nonadditive topological pressure for a with respect to the flow Φ.

Definition 9. Let Φ = (ϕt)t∈R be a continuous flow on a compact metric space M . We
say that a measure µ on M (not necessarily Φ-invariant) is a weak Gibbs measure for
an asymptotically additive family of continuous functions a = (at)t≥0 (with respecto to
Φ) if for any sufficiently small ε > 0 there exists a sequence (Kt(ε))t>0 ⊂ [1,∞) with
limt→∞ logKt(ε)/t = 0 such that

Kt(ε)
−1 ≤ µ(Bt(x, ε))

exp[−tPΦ(a) + at(x)]
≤ Kt(ε)

for all x ∈M and t > 0.

Remark. In the case of hyperbolic flows or suspension flows over subshifts of finite type,
uniformly expanding or hyperbolic maps in general, Definition 8 is a generalization of the
classical notion of Gibbs measures to the nonadditive setup (see for example Definition
4.3.25 in [FH20]).

The following result guarantees the existence of Gibbs measures for almost additive
families of functions with respect to hyperbolic flows.

Proposition 19 ([BH21a, Theorem 3.5]). Let Λ be a hyperbolic set for a topologically
mixing C1 flow Φ and let a be an almost additive family of continuous functions on Λ with
bounded variation. Then:

1. there exists a unique equilibrium measure for a;

2. there exists a unique invariant Gibbs measure for a;

3. the two measures are equal and are ergodic.

Remark. We note that Proposition 19 is also valid for appropriate versions of suspension
flows over subshifts of finite type, uniformly expanding or hyperbolic maps with Hölder
continuous height functions.

The existence of Gibbs measures in Proposition 19 was originally obtained for the
equilibrium measure on the base space using Markov partitions for the flow. As we saw
above, this is the same as having the induced Φ-invariant measure satisfying the Defi-
nition 8. Moreover, in the case of asymptotically additive families in the same setup of
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Proposition 19, we cannot guarantee uniqueness of equilibrium states and one can easily
check that the measures lifted from the base are only weak Gibbs in the sense of Definition 9.

For the sake of completeness, now we will show other natural sources of almost and
asymptotically additive families of functions. Proceeding as in the proof of Proposition 12
in [HS24], one can check that if a measure η on a compact metric space M is Gibbs for
some almost additive family of continuous functions with respect to a flow Φ = (ϕt)t∈R on
M , then for every sufficiently small δ > 0 there exists a constant K(δ) > 1 such that

1

K(δ)
≤ η(Bt+s(x, δ))

η(Bt(x, δ))η(Bs(ϕt(x), δ))
≤ K(δ) for all x ∈M and t, s > 0.

In particular, for each δ > 0, the well defined family of functions aδ := (aδt )t≥0 given by
aδt (x) = log η(Bt(x, δ)) is almost additive (defining a0 ≡ 0). Since every family of functions
admitting a Gibbs measure clearly has bounded variation (following the same argument as
in the proof of Proposition 15 in [HS24]), the family aδ also satisfies the bounded variation
condition. On the other hand, notice that the functions aδt : M → R are not necessarily
continuous. In fact, using the Gibbs property of η, in general one can only guarantee the
existence of constants K1(δ) ≥ K2(δ) > 0 such that

K2(δ) + lim sup
x→x0

aδt (x) ≤ aδt (x0) ≤ K1(δ) + lim inf
x→x0

aδt (x)

for all x0 ∈M and all t ≥ 0. In particular, x 7→ aδt (x) is upper semicontinuous for each t ≥ 0.
Interestingly, the thermodynamic formalism for discontinuous additive and nonadditive
families of potentials with respect to flows was initiated quite recently in [TLS25, TLS24],
including a more detailed treatment of the upper semicontinuous case.

Proposition 20. Let Φ = (ϕt)t∈R be a continuous flow on a compact metric space M , and
let ν be any measure on M . Then:

1. if for some δ > 0 there exist constants A(δ) ≥ B(δ) > 0 and an almost additive family
of continuous functions g = (gt)t≥0 such that

B(δ)egt(x) ≤ ν(Bt(x, δ)) ≤ A(δ)egt(x) for all x ∈M and t ≥ 0,

then there exists an almost additive family of Hölder continuous functions h = (ht)t≥0

satisfying supt≥0 supx∈M | log ν(Bt(x, δ))− ht(x)| <∞;

2. if for some δ > 0 there exist sequences (Ct(δ))t≥0, (Dt(δ))t≥0 ⊂ [1,∞) such that
logCt(δ)/t→ 0, logDt(δ)/t→ 0 and an asymptotically additive family of continuous
functions f = (ft)t≥0 such that

Dt(δ)e
ft(x) ≤ ν(Bt(x, δ)) ≤ Ct(δ)e

ft(x) for all x ∈M and t ≥ 0
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then there exists an asymptotically additive family of Hölder continuous functions
j = (jt)t≥0 satisfying

lim
t→∞

1

t
sup
x∈M

| log ν(Bt(x, δ))− jt(x)| = 0.

Proof. By using the fact that the space of Hölder continuous functions are dense in the
space of continuous functions on compact spaces, we can guarantee the existence of families
h = (ht)t≥0 and j = (jt)t≥0 composed of Hölder continuous functions and such that
supx∈M |gt(x)− ht(x)| ≤ 1 and supx∈M |ft(x)− jt(x)| ≤ 1 for all t ≥ 0. It is clear that h is
almost additive and j is asymptotically additive.

Example 6. Observe that Gibbs measures satisfy the conditions of the first item and
weak Gibbs measures satisfy the conditions of the second item of Proposition 20. Now let
M be a compact Riemannian manifold and Λ ⊂ M a hyperbolic set for a topologically
mixing (at least) C1 flow Φ. For each t > 0, consider the continuous function Jt : Λ → R
given by Jt(x) = − log ∥dxϕt|Eu(x)∥. Since x 7→ Eu(x) is Hölder continuous, we also have
that x 7→ Jt(x) is Hölder (see subsection 2.2). Now let λ be the Lebesgue measure on M .
Assuming that Φ is at least C2, the Volume Lemma (see Proposition 7.4.3 in [FH20]) says
that for any sufficiently small δ > 0 there exist constants Cδ, Dδ > 0 such that

DδJt(x) ≤ λ(Bt(x, δ)) ≤ CδJt(x) for all x ∈ Λ and t ≥ 0.

Moreover, one can also check that the family (Jt)t≥0 is additive with respect Φ. Notice
that, in this case, the measure λ satisfy the conditions in the first item of Proposition 20.
Hence, the family Lebδ = (Lebδt )t≥0 given by Lebδt (x) := log λ(Bt(x, δ)) is almost additive
with bounded variation and physically equivalent to an almost additive family of Lipschitz
continuous functions. In this particular case, we actually have that Lebδ is physically
equivalent to the additive family of Hölder continuous functions (Jt)t≥0.

3.2.3 A classification of nonadditive equilibrium states

In this section, we will apply Theorem 16 to see how we can compare families with the
same unique equilibrium measure just based on the information about the periodic data of
the system.

Theorem 21. Let Λ be a hyperbolic set for a topologically mixing C1 flow Φ and let
a = (at)t≥0 and b = (bt)t≥0 be two almost additive families of continuous functions with
bounded variation. Then a and b have the same equilibrium measure if and only if there
exists a constant K > 0 such that |at(p)− bt(p)− t(PΦ(a)− PΦ(b))| ≤ K for all p ∈ Λ and
t ≥ 0 with ϕt(p) = p.

53



Proof. First, let us suppose |at(p)− bt(p)− t(PΦ(a)− PΦ(b))| ≤ K for all p ∈ Λ and t ≥ 0
with ϕt(p) = p. It follows from Theorem 16 that

sup
t≥0

sup
x∈Λ

|at(x)− bt(x)− t(PΦ(a)− PΦ(b))| <∞.

Now consider the almost additive family d = (dt)t≥0 given by dt := bt+ t(PΦ(a)−PΦ(b)).
By the definition of nonadditive topological pressure and now the fact that the sequence
(at − dt)/t converges uniformly for zero on Λ, we have respectively

PΦ(a) = PΦ(d) and lim
t→∞

1

t

∫
Λ
atdν = lim

t→∞

1

t

∫
Λ
dtdν for all ν ∈ M(Φ).

This readily implies that the families a and d share the same equilibrium measures. Moreover,
since PΦ(d) = PΦ(b) + (PΦ(a)− PΦ(b)) and

sup
µ∈M(Φ)

(
hµ(Φ) + lim

t→∞

1

t

∫
Λ
dtdµ

)
= sup

µ∈M(Φ)

(
hµ(Φ) + lim

t→∞

1

t

∫
Λ
btdµ

)
+ PΦ(a)− PΦ(b),

d and b also have the same equilibrium states. Hence, a and b do share the same equilibrium
measures, as desired.

Now let’s prove the converse. By Proposition 19, both families a and b have unique
equilibrium measures, each one of them satisfying the Gibbs property with respect to Φ.
Now, by assumption, suppose these equilibrium measures are the same unique equilibrium
state η ∈ M(Φ). By the Gibbs property (Definition 8), for each sufficiently small ε > 0
there exist constants K1(ε) ≥ 1 and K2(ε) ≥ 1 such that

K1(ε)
−1 ≤ η(Bt(x, ε))

exp[−tPΦ(a) + at(x)]
≤ K1(ε) and K2(ε)

−1 ≤ η(Bt(x, ε))

exp[−tPΦ(b) + bt(x)]
≤ K2(ε)

for all x ∈ Λ and t ≥ 0. This readily gives that

K1(ε)
−1K2(ε)

−1 ≤ exp[at(x)− bt(x)− t(PΦ(a)− PΦ(b))] ≤ K1(ε)K2(ε)

for all x ∈ Λ and t ≥ 0, which implies

sup
x∈Λ

|at(x)− bt(x)− t(PΦ(a)− PΦ(b))| ≤ log(K1(ε)K2(ε)) for all t ≥ 0.

In particular, we finally have that |at(p)− bt(p)− t(PΦ(a)− PΦ(b))| ≤ log(K1(ε)K2(ε)) for
all p ∈ Λ and t ≥ 0 with ϕt(p) = p.

Observe that Theorem 16 together with Theorem 21 shows that two almost additive
families with bounded variation share the same unique equilibrium state if and only if they
are cohomologous to each other (modulo some uniform constant) in the sense of definitions
4 and 5. In this context, Theorem 21 is a nonadditive counterpart of some classical results
for hyperbolic flows (see for example Theorem 7.3.24 in [FH20]).
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3.3 Regularity of almost and asymptotically additive families of potentials

In this section, we will consider the regularity problem for nonadditive families, specially the
asymptotically and almost additive ones based on Theorem 1. We will start investigating
some natural simple examples in the non-hyperbolic context. After this, we will address
the regularity issues for hyperbolic suspension flows and related setups.

3.3.1 Regularity in some non-hyperbolic scenarios

Observe that one of the main ingredients in the proof of Theorem 16 is the simultaneous
existence of periodic and transitive points. A simple reasonable question is to ask what
would happen in a system with no periodic points or no transitive data. In this regard,
the most natural examples seem to be the linear flows with different types of directions on
compact spaces.

Let us start with an example of a setup where the periodic data is everywhere and with
the same period.

Example 7. Let Tn = Rn/Zn be the n-torus and consider α = (α1, ..., αn) ∈ Rn to be
linear dependent, that is, there exist (not all zero) kj ∈ Z such that

∑n
j=1 kjαj = 0. The

linear flow Φα = (ϕt)t∈R on Tn in the direction α is defined by ϕt(x) = x + tα mod 1.
Letting a := (at)t≥0 be any almost additive family of continuous functions with respect to
Φα, Theorem 1 together with Example 1 guarantees the existence of a continuous function
b : Tn → R such that limt→∞ ∥at − Stb∥∞/t = 0, where ∥.∥∞ is the supremum norm on Tn.
Since Φα is a periodic flow, by Lemma 4 there exists a constant L > 0 (depending only
on the period) such that supt≥0 ∥at − Stb∥∞ ≤ L. Observe that the uniform bound exists
even if the family a does not have the bounded variation property. Moreover, it is clear
that the additive family (Stb)t≥0 has bounded variation if and only if a also has it.

Let us now check what happens in the opposite extreme: transitive systems without
periodic points.

Example 8. Let Tn = Rn/Zn be the n-torus and consider α = (α1, ..., αn) ∈ Rn to be
linear independent. In this case, the linear flow Φα = (ϕt)t∈R on Tn in the direction α
given by ϕt(x) = x + tα mod 1 is minimal, that is, every orbit is dense in Tn. Now let
a = (at)t≥0 be any almost (asymptotically) additive family of continuous functions. In
particular, letting ν be the Lebesgue measure on Tn and b : Tn → R the continuous function
given by Theorem 1, we have

lim
t→∞

1

t

∥∥∥∥at − t

∫
Tn

bdν

∥∥∥∥
∞

≤ lim
t→∞

1

t
∥at − Stb∥∞ + lim

t→∞

1

t

∥∥∥∥Stb− t

∫
Tn

bdν

∥∥∥∥
∞

= 0.

In this case, the additive family of Theorem 1 can be taken as the one generated by the
constant function

∫
Tn bdν, which always satisfies the bounded variation property.
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On the other hand, the classical Gottshalk and Hedlund theorem for flows (see for
example Theorem C in [McC99]), guarantees that supt≥0 ∥Stg− t

∫
Tn gdν∥∞ = ∞ for every

continuous function g : Tn → R not Φα-cohomologous to a constant. Therefore, for these
types of linear flows, Theorem 16 fails even in the additive classical case assuming functions
with any strong form of regularity.

Remark. Example 7 does not satisfy the hypotheses of Theorem 16 but all the equivalences
there are satisfied, even without asking for the bounded variation property on the families.
On the contrary, Example 8 also does not satisfy the hypotheses of Theorem 16 but the
uniform bound property cannot be satisfied even asking for any type of regularity on the
families or functions.

We will address now a more natural and richer setup for investigating Hölder potentials
and families of functions with the bounded variation condition.

3.3.2 Hölder regularity of almost and asymptotically additive families

In this section, we are going to show how to construct almost and asymptotically additive
families of (Hölder) continuous functions having the bounded variation condition with respect
to some suspension flow but not physically equivalent to any additive family generated by
a Hölder continuous function. Our general approach is based on the following examples,
which are obtained from the ones showed in Theorem 11 in [HS24].

Theorem 22. Let σ : ΣZ → ΣZ be the two-sided full shift. Then

� there exists an almost additive sequence of continuous functions with bounded variation
and which is not physically equivalent to any additive sequence generated by a Hölder
continuous function.

� there exist almost additive sequences of Hölder continuous functions with bounded
variation and which are not physically equivalent to any additive sequence generated
by a Hölder continuous function.

Proof. Let σ1 : ΣN → ΣN be the left-sided full shift of finite type and σ2 : ΣZ → ΣZ be the
two-sided full shift of finite type. Consider the canonical projection π : ΣZ → ΣN, that is,
ω = (...ω−2, ω−1, ω0, ω1, ω2, ...) 7−→ π(ω) = (ω1, ω2, ω3...).

Let β > 1 and define s := s(ω, ω̃) on ΣN × ΣN as the smallest positive number s such
that ωs ̸= ω̃s. In this case, we consider the distance on ΣN to be d1(ω, ω̃) = β−s(ω,ω̃) if
ω ≠ ω̃ and d1(ω, ω̃) = 0 if ω = ω̃. Following in an analogous way, we define q := q(ω, ω′)
on ΣZ × ΣZ as the smallest positive number q such that ω−q ̸= ω′

−q or ωq ̸= ω′
q. From

this, we consider the distance on ΣZ to be d2(ω, ω
′) = β−q(ω,ω′) if ω ≠ ω′ and d2(ω, ω

′) = 0
whenever ω = ω′.
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Now let F = (fn)n∈N be any almost additive sequence of continuous functions on ΣN with
respect to σ1, satisfying the bounded variation condition and not physically equivalent to
any additive sequence generated by a Hölder continuous function (for example, the sequence
generated by the quasi-Bernoulli measure in Theorem 11 in [HS24]). Let G = (gn)n∈ be the
sequence on ΣN given by gn = fn ◦ π. Since d1(π(ω), π(ω′)) ≤ d2(ω, ω

′) for all ω, ω′ ∈ ΣZ,
gn is continuous for each n ∈ N. Since (σ1 ◦ π)(ω) = (π ◦ σ2)(ω) for all ω ∈ ΣZ, one can
easily see that G is almost additive. Moreover, since F has bounded variation, we have

sup
n∈N

{|gn(ω)− gn(ω̃)| : ω, ω̃ ∈ Ci1...in}

≤ sup
n∈N

{|fn(π(ω))− fn(π(ω̃))| : π(ω), π(ω̃) ∈ Ci1...in ∩ ΣN} <∞.

That is, G also has the bounded variation condition.
Now suppose ϕ : ΣZ → R is a Hölder continuous function such that G is phisically

equivalent to (Snϕ)n∈N with respect to σ2 : ΣZ → ΣZ. Lemma 1.6 in [Bow75a] (see also
Section 3 in [Sin72]) guarantees the existence of a Hölder continuous function ψ : ΣZ → R
cohomologous to ϕ and such that ψ((...ω−2, ω−1, ω0, ω1, ω2, ...)) = ψ((ω1, ω2, ...)). That is,
there exists a continuous functions q : ΣZ → R satisfying ϕ− ψ = q ◦ σ2 − q and ψ is such
that ψ ◦ π = ψ. Based on this, for all ω ∈ ΣZ we get∣∣∣∣gn(ω)− n−1∑

k=0

(ϕ ◦ σk2 )(ω)
∣∣∣∣ = ∣∣∣∣fn(π(ω))− n−1∑

k=0

(ψ ◦ π ◦ σk2 )(ω) + q − q ◦ σn2
∣∣∣∣

≥
∣∣∣∣fn(π(ω))− n−1∑

k=0

(ψ ◦ σk1 )(π(ω))
∣∣∣∣− 2∥q∥∞.

Since π(ΣZ) = ΣN and G is physically equivalent to (Snϕ)n∈N, we have

lim
n→∞

1

n
sup

ω′∈ΣN

∣∣∣∣fn(ω′)−
n−1∑
k=0

(ψ ◦ σk1 )(ω′)

∣∣∣∣ ≤ lim
n→∞

1

n
sup
ω∈ΣZ

∣∣∣∣gn(ω)− n−1∑
k=0

(ϕ ◦ σk2 )(ω)
∣∣∣∣ = 0,

which contradicts Theorem 11 in [HS24]. Therefore, the almost additive sequence G := F ◦π
is not physically equivalent to any additive sequence generated by a Hölder continuous
function. Moreover, fixing any real number γ > 0, by the density of Hölder functions on
the space of continuous functions on ΣZ, one can see that for each n ∈ N there exists a
Hölder function hγn such that ∥gn − hγn∥∞ ≤ γ. Notice that since G has bounded variation,
the sequence Hγ := (hγn)n∈N also satisfies the bounded variation condition. Furthermore,
Lemma 6 in [HS24] guarantees that the sequence Hγ also is almost additive. Hence, there
exists an uncountable number of almost additive sequences of Hölder continuous functions
on ΣZ, with bounded variation and which are not physically equivalent to any additive
sequence generated by a Hölder function, as desired.
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Now let us start addressing how we can pass things from discrete to continuous time
dynamical systems. First, an auxiliary result.

Lemma 5. Let M be a compact metric space. Every almost additive sequence of continuous
functions Q = (qn)n∈N with respect to a continuous map T :M →M satisfy

sup
n∈N

∥qn ◦ T − qn∥∞ <∞. (45)

Proof. Since Q is almost additive, there exists a constant K > 0 such that

−K + q1(x) + qn−1(T (x)) ≤ qn(x) ≤ qn−1(T (x)) + q1(x) +K

for every x ∈M and every n ∈ N. From this, we obtain that

|qn(x)− qn−1(T (x))| ≤ K + ∥q1∥∞ := K1 <∞. (46)

In a similar way, we also have that

−K + q1(T
n−1x) + qn−1(x) ≤ qn(x) ≤ qn−1(x) + q1(T

n−1x) +K,

and then
|qn(x)− qn−1(x)| ≤ K1 (47)

for every x ∈M and every n ∈ N.
It follows from (46) and (47) that

|qn(T (x))− qn(x)| ≤ |qn(T (x))− qn+1(x)|+ |qn+1(x)− qn(x)| ≤ 2K1

for every x ∈M and every n ∈ N.
Therefore, Q satisfies property (45) as desired.

Proposition 23. Let Φ = (ϕt)t∈R be a suspension flow on Y over a continuous invertible
map T : X → X with continuous height function τ : X → (0,∞). Let c = (cn)n∈N be an
almost additive sequence of continuous functions with respect to T on X and satisfying the
bounded variation condition. Then, there exists an almost additive family of continuous
functions a = (at)t≥0 with respect to Φ on Y , satisfying the bounded variation condition
and such that an(x) = cn(x) for all x ∈ X and n ∈ N. The same result holds for the
asymptotically additive case.

Proof. Consider the floor function ⌊·⌋ : R → Z given by ⌊x⌋ = max{m ∈ Z : m ≤ x}. Now
for each t > 0 define the function at : Y → R as

at(y) = at(ϕs(x)) = a⌊t⌋(ϕs(x)) = c⌊t⌋(x) and a0 := c0 ≡ 0.

For simplicity, let us consider the height function to be constant τ ≡ 1. Notice that by
construction, ϕ1 = T on X. The sequence (an)n∈N is almost additive with respect to ϕ1 on
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Y . In fact, by definition and the almost additivity of c on X, for all y ∈ Y and m,n ∈ N
we have

am+n(y) = am+n(ϕs(x)) = cm+n(x) ≤ cm(x) + cn(T
m(x)) + C

= am(ϕs(x)) + an(ϕ
m
1 (x)) + C

= am(y) + (an ◦ ϕs ◦ ϕm1 )(x) + C

= am(y) + an(ϕ
m
1 (ϕs(x))) + C

= am(y) + an(ϕ
m
1 (y)) + C

Proceeding in the same manner, we also have am+n(y) ≥ am(y) + an(ϕ
m
1 (y)) − C for all

y ∈ Y and m,n ∈ N, as desired.
Let us now show that the family a = (at)t≥0 is almost additive with respect to the

flow Φ on Y . For each y ∈ Y , m ≤ t < m + 1 and n ≤ s < n + 1, it follows from the
definition of (at)t>0 that at+s(y) = am+n+ℓ(y), where ℓ ∈ {0, 1}. In this case, by the almost
additivity of (an)n∈N with respect to ϕ1 on Y , we get

at+s(y) = am+n+ℓ(y) ≤ am+n(y) + aℓ(ϕm+n(y)) + C

≤ am(y) + an(ϕm(y)) + aℓ(ϕm+n(y)) + 2C

≤ at(y) + as(ϕm(y)) + ∥aℓ∥∞ + 2C︸ ︷︷ ︸
=:C1

= at(y) + as(ϕt(y)) +
[
an(ϕm(y))− an(ϕt(y))

]
+ C1.

(48)

On the other hand, letting y = ϕw(x) for some x ∈ X and w ∈ [0, 1) and m = t+ u with
u ∈ [0, 1), we also have∣∣an(ϕm)(y)− an(ϕt(y))

∣∣ = ∣∣an(ϕm(ϕw(x)))− an(ϕt(ϕw(x)))
∣∣

=
∣∣an(ϕw(ϕm(x)))− an(ϕu+w(ϕm(x)))

∣∣
≤

∣∣cn(ϕm(x))− cn(ϕ1(ϕm(x)))
∣∣. (49)

Since c is almost additive with respect to ϕ1 on X, Lemma 5 guarantees the existence of a
uniform constant K > 0 such that supn∈N supx∈X |cn(ϕm(x))− cn(ϕ1(ϕm(x)))| ≤ K. This
readily implies that |an(ϕm)(y)− an(ϕt(y))| ≤ K for all m,n ∈ N, t > 0 and y ∈ Y . Hence,
it follows now from (48) that at+s(y) ≤ at(y) + as(ϕt(y)) +K + C. The other inequality
can be obtained in a similar way, and we conclude that a is almost additive with respect to
Φ on Y .

Considering the Bowen-Walters distance dY on Y (see [BW72] or Appendix A in [BS00])
and using the continuity of cn : X → R for all n ∈ N, one can easily check that the function
at : Y → R is continuous for each t ≥ 0.

Let us conclude the proof showing that the family a also has the bounded variation
property. Take two arbitrary points y, z ∈ Y such that dY (ϕτ (y), ϕτ (z)) < ε for τ ∈ [0, t]
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with m ≤ t < m+ 1. Writing y = ϕu(x) and z = ϕr(x
′) for x, x′ ∈ X and u, r ∈ [0, 1), we

have
|at(y)− at(z)| = |at(ϕu(x))− at(ϕr(x

′))| = |cm(x)− cm(x′)| (50)

In particular, we have

dX(x, x′) ≤ dY (y, z) < ε

dX(ϕ1(x), ϕ1(x
′)) ≤ dY (ϕu(ϕ1(x)), ϕr(ϕ1(x

′))) = dY (ϕ1(y), ϕ1(z)) < ε

· · · · · · · · ·
dX(ϕm−1(x), ϕm−1(x

′)) ≤ dY (ϕu(ϕm−1(x)), ϕr(ϕm−1(x
′))) = dY (ϕm−1(y), ϕm−1(z)) < ε,

where dY is the Bowen-Walters distance on Y and dX is any given distance on the base
space X. Since the sequence c has bounded variation (with respect to T = ϕ1 on X), there
exists a constant L = L(ε) > 0 such that |cm(x)− cm(x′)| ≤ L. We conclude now from (50)
that the family a also has the bounded variation property with the same parameters ε > 0
and L > 0 as the sequence c on the base space X.

For the general case where r is any positive continuous function, we have T (x) = ϕτ(x)(x)

and Tm(x) = ϕτm(x)(x) for all m ∈ N and x ∈ X, with τm =
∑m−1

k=0 τ ◦ T k. In this case, we
define at : Y → R as

at(y) = at(x, s) := aτn(x)(ϕs(x)) := cn(x) with a0 = c0 := 0, (51)

when t, s ≥ 0 and τn(x) ≤ t + s ≤ τn+1(x). Making the necessary modifications and
proceeding as in the case with τ ≡ 1, one can easily check that the family a is almost
additive with respect to Φ on Y . The continuity of cm : X → R for all m ≥ 1 together
with definition (51) directly implies that at : Y → R is continuous for each t ≥ 0. Moreover,
since the sequence c has bounded variation with respect to the map T on X, the same
relation between the distance on X and the Bowen-Walters distance on Y guarantees the
bounded variation property for the family a with respect to Φ on Y .

Now suppose c = (cn)n∈N is asymptotically additive with respect to T : X → X and
consider again the family a = (at)t≥0 defined in (51). By the asymptotically additivity of c,
given any ε > 0 there exists a continuous function hε : X → R such that

lim sup
n→∞

1

n
sup
x∈X

∣∣∣∣cn(x)− n−1∑
k=0

(hε ◦ T )(x)
∣∣∣∣ < ε. (52)

On the other hand, by Lemma 2, there exists a continuous function gε : Y → R such
that Igε |X = hε. By the definition of a, for each y = ϕu(x) with u ∈ [0, sup τ), and
τn(x) ≤ t < τn+1(x) we have∣∣∣∣at(y)− ∫ t

0
(gε ◦ ϕs)(y)ds

∣∣∣∣ = ∣∣∣∣at(ϕu(x))− ∫ t+u

u
(gε ◦ ϕs)(x)ds

∣∣∣∣
≤

∣∣∣∣cn(x)− n−1∑
k=0

(hε ◦ T k)(x)

∣∣∣∣+ sup τ sup gε + suphε.
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Since n→ ∞ implies t→ ∞, we conclude from (52) that a is asymptotically additive
with respect to Φ on Y . The continuity and bounded variation condition of a clearly follow
from the same arguments presented in the almost additive case.

Suspension flows over two-sided subshifts of finite type with Hölder continuous height
functions are also called hyperbolic symbolic flows (see [FH20]). One can check that additive
families generated by Hölder continuous functions satisfy the bounded variation condition
with respect to hyperbolic symbolic flows, and Proposition 19 clearly also can be extended
to these types of flows in general. On the other hand, just as in the discrete-time case,
one can find asymptotically additive families having bounded variation with respect to an
hyperbolic symbolic flow, but admitting more than one equilibrium measure.

The following result is a continuous-time counterpart of Theorem 22:

Theorem 24. Let Φ = (ϕt)t∈R be a suspension flow over σ : ΣZ → ΣZ and with a Hölder
continuous height function τ : ΣZ → (0,∞). Then:

1. there exist almost additive families of Hölder continuous functions with respect to
Φ, satisfying the bounded variation condition and not physically equivalent to any
additive family generated by a Hölder continuous function;

2. there exist asymptotically additive families of Hölder continuous functions with respect
to Φ, satisfying the bounded variation condition, admitting a unique equilibrium
measure but not physically equivalent to any additive family generated by a Hölder
continuous function.

Proof. First, let c = (cn)n∈N be any sequence from Theorem 22, that is, c is an almost
additive sequence of continuous functions with respect to σ : ΣZ → ΣZ, satisfying the
bounded variation condition and not physically equivalent to any additive sequence generated
by a Hölder continuous function. By Proposition 23 there exists an almost additive family
of continuous functions a = (at)t≥0 with respect to Φ on Y , with bounded variation and
such that an(x) = cn(x) for all x ∈ ΣZ and n ∈ N. Suppose that

lim
t→∞

1

t
sup
y∈Y

∣∣∣∣at(y)− ∫ t

0
(b ◦ ϕs)(y)ds

∣∣∣∣ = 0 where b : Y → R is Hölder.

In particular, this implies that

lim
t→∞

1

t
sup
x∈ΣZ

∣∣∣∣at(x)− ∫ t

0
(b ◦ ϕs)(x)ds

∣∣∣∣ = 0. (53)

By the proof of Lemma 15 in [BH21b], for each t > 0 there exists a unique n ∈ N with
t = τn(x) + κ for some κ ∈ [0, sup τ ] such that∣∣∣∣ ∫ t

0
(b ◦ ϕs)(x)ds−

n−1∑
k=0

(Ib ◦ σk)(x)
∣∣∣∣ ≤ sup b sup τ,
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where Ib(x) =
∫ τ(x)
0 (b ◦ ϕs)(x)ds.

Thus, it follows from (53) that

lim
n→∞

1

n
sup
x∈ΣZ

∣∣∣∣cn(x)− n−1∑
k=0

(Ib ◦ σk)(x)
∣∣∣∣ = lim

n→∞

1

n
sup
x∈ΣZ

∣∣∣∣an(x)− ∫ n

0
(b ◦ ϕs)(x)ds

∣∣∣∣ = 0.

Since b : Y → R is Hölder, by Proposition 18 in [BS00] we also have that Ib : X → R is
Hölder. Hence, the sequence c is physically equivalent to the additive sequence generated
by Ib, which is a contradiction.

Now fix a number γ > 0. By the density of Hölder functions on the space of continuous
functions, for each t ≥ 0 there exists a Hölder continuous function bγt : Y → R such that
supy∈Y |bγt (y)−at(y)| ≤ γ. It is easy to check that the family bγ := (bγt )t≥0 is almost additive
and satisfy the bounded variation condition with respect to the flow Φ on Y . Moreover,
since bγ is physically equivalent to a, it cannot be physically equivalent to any additive
family generated by a Hölder continuous function, as desired.

Now let’s prove the second item. It was showed in [HS24] the existence of asymptotically
additive sequences of continuous functions c = (cn)n∈N with respect to the left-sided full
shift σ : ΣN → ΣN satisfying the bounded variation condition, with a unique equilibrium
measure but not physically equivalent to any additive sequence generated by a Hölder
continuous function. Proceeding as in the proof of Theorem 22 and with some abuse of
notation, one can also assume that the sequence c is asymptotically additive with respect
to the two-sided full shift σ : ΣZ → ΣZ. By Proposition 23, following as in the proof of item
1 and also using density of Hölder functions, one can guarantee the existence of a family of
asymptotically additive Hölder continuous functions a = (at)t≥0 with respect to Φ on Y and
satisfying the bounded variation condition but never physically equivalent to any additive
family generated by a Hölder continuous function. Moreover, it is clear from (13) (adapted
for suspension flows) that a also admits a unique equilibrium measure, which is induced by
the unique equilibrium measure for c (see also the proof of Theorem 3.5 in [BH21a]).

Remark. By Theorem 11 in [HS24], one can obtain the same class of examples in Theo-
rem 24 to the case of suspension semi-flows over left-sided full shifts σ : ΣN → ΣN.

Notice that the counter-examples in Theorem 24 show that the physical equivalence
result of Theorem 1 does not always allow us to reduce the study of almost additive families
with bounded variation to the case of classical potentials with Hölder regularity. Since the
thermodynamic formalism and multifractal phenomena for Hölder continuous potentials
are suitable and well understood for hyperbolic setups in general, Theorem 24 indicates, as
in the case of maps, a crucial barrier considering the exchange of information between the
additive, almost additive and asymptotically additive worlds with respect to continuous-time
dynamical systems as well.
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3.3.3 Bowen regularity of almost and asymptotically additive families

In this section, based on the physical equivalence relations obtained in the first part of
this work, we briefly address more general regularity aspects of almost and asymptotically
additive families of continuous functions. In general, equilibrium measures satisfying the
Gibbs property play a relevant role in our approach.

Recall that a function ξ :M → R is Bowen (with respect to a flow Φ on a topological
space M) if there exist κ > 0 and ε > 0 such that for x, y ∈ M and t ≥ 0, we have that
d(ϕs(x), ϕs(y)) < ε for every s ∈ [0, t] implies |Stξ(x)− Stξ(y)| ≤ κ. This is also the same
as saying that the additive family (Stξ)t≥0 has the bounded variation property with respect
to Φ on M .

Theorem 25. Let Φ = (ϕt)t∈R be a suspension flow over σ : ΣZ → ΣZ and with a Hölder
continuous height function τ : ΣZ → (0,∞) and let a = (at)t≥0 be an almost additive family
of continuous functions with respect to Φ on Y with bounded variation. Then, the following
statements are equivalent:

1. the equilibrium measure for the family a is Gibbs with respect to some continuous
Bowen function;

2. there exists a continuous Bowen function b : Y → R such that

lim
t→∞

1

t
sup
y∈Y

|at(y)− Stb(y)| = 0.

3. there exists a continuous Bowen function b : Y → R such that

sup
t≥0

sup
y∈Y

|at(y)− Stb(y)| <∞.

Proof. Let us start proving that 1 implies 3. By the appropriate version of Proposition 19
for hyperbolic symbolic flows, the family a has a unique equilibrium measure ν, which is
Gibbs with respect to a. By hypothesis, ν is also Gibbs with respect to some continuous
Bowen function b : Y → R. Then, for some sufficiently small δ > 0, there exist constants
K1 = K1(δ) ≥ 1 and K2 = K2(δ) ≥ 1 such that

K−1
1 ≤ ν(Bt(y, δ))

exp[−tPΦ(a) + at(y)]
≤ K1 and K−1

2 ≤ ν(Bt(y, δ))

exp[−tP classic
Φ (b) + Stb(y)]

≤ K2 (54)

for all y ∈ Y and t ≥ 0, where P classic
Φ (b) is the classical (additive) topological pressure for b

with respect to Φ. This clearly implies that |at(y)− Stb̃(y)| ≤ logK1K2 for all y ∈ Y and
t ≥ 0, where b̃ := b+ P classic

ϕ (b)− PΦ(a). Since b̃ is also a continuous Bowen function, we
just obtained item 3.
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Now suppose 3 holds, that is, there exist a uniform constant K3 > 0 and a continuous
Bowen function b : Y → R such that |at(y)−Stb(y)| ≤ K3 for all y ∈ Y and t ≥ 0. Then, by
the Gibbs property with respect to the family a in (54) and the fact that PΦ(a) = P classic

Φ (b)
in this case, for all sufficiently small δ > 0 we get that

(K1e
K3)−1 = K−1

1 e−K3 ≤ ν(Bt(y, δ))

exp[−tP classic
Φ (b) + Stb(y)]

≤ K1e
K3

for all y ∈ Y and t ≥ 0, which is item 1, as desired. Since every hyperbolic symbolic flow
is topologically transitive (Proposition 1.6.30 in [FH20]) and satisfy the hypothesis of the
Closing Lemma (see for example Corollary 18.1.8 in [KH12]), Corollary 17 immediately
gives that items 2 and 3 are equivalent, and the result is proved.

Recall that in the case of hyperbolic symbolic flows or locally maximal hyperbolic sets
for C1 topologically mixing flows, an almost additive family satisfies the bounded variation
condition if and only if it admits a Gibbs measure (see Definition 8 and Proposition 15 in
[HS24]). In Theorem 25, the equivalence between items 1 and 2 indicates a possible way
of classifying almost additive families with bounded variation with respect to hyperbolic
symbolic flows or locally maximal hyperbolic sets for C1 topologically mixing flows. Based
on Theorem 25 and proceeding as in [HS24] (and using the same nomenclature), we also can
propose the following classification of families with respect to hyperbolic symbolic flows:

� Type 1: Almost additive families with bounded variation and admitting Gibbs
measures with respect to some Bowen continuous function;

� Type 2: Almost additive families with bounded variation and but not admitting
Gibbs measures with respect to any Bowen continuous function;

� Type 3: Almost additive families without the bounded variation condition but having
a unique equilibrium measure;

� Type 4: Almost additive families having more than one equilibrium measure.

Remark. As discussed in [HS24], we can easily construct examples of types 1, 3 and 4.
On the other hand, examples of families of type 2 seem to be much more complicated to
produce or they actually don’t exist. In the discrete-time setup, the existence of sequences
of type 2 is connected with the problem of relating Gibbs and quasi-Bernoulli measures
and, as far as we know, is still an open question even in the case of full shifts of finite type.

Let us now finish our work showing how to treat the Bowen regularity problem for
asymptotically additive families.

Asymptotically additive families. Let G = (gn)n∈N be an asymptotically additive
sequence of continuous functions with bounded variation with respect to σ : ΣZ → ΣZ

and with a unique equilibrium measure but never physically equivalent to any additive
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sequence generated by a Bowen function (such an example was given in [HS24]). Now, as
in Proposition 23, consider an asymptotically additive family a = (at)t≥0 with respect to
the hyperbolic symbolic flow Φ on Y (with height function τ) and such that an(x) = gn(x)
for all x ∈ ΣZ and all n ∈ N.

Suppose the existence of a continuous Bowen function b : Y → R such that a is physically
equivalent to the additive family (Stb)t≥0. By the appropriate versions of the Lemmas
3.1 and 3.3 in [BH21a] for hyperbolic symbolic flows, the sequence c = (cn)n∈N given by

cn(x) =
∫ τn(x)
0 (b ◦ ϕs)(x)ds is additive and satisfy the bounded variation condition with

respect to σ : ΣZ → ΣZ. By the physical equivalence relation between a and (Stb)t≥0, we
have in particular that

lim
n→∞

1

n
sup
x∈ΣZ

∣∣∣∣gn(x)− cn(x)∣∣∣∣ = lim
n→∞

1

n
sup
x∈ΣZ

∣∣∣∣an(x)− cn(x)∣∣∣∣ ≤ lim
t→∞

1

t
sup
y∈Y

|at(y)−Stb(y)| = 0.

(55)
Since, by the proof of Lemma 15 in [BH21b], cn(x) =

∑n−1
k=0 Ib ◦ σk(x) for all x ∈ ΣZ

and all n ∈ N, the sequence (SnIb)n∈N has the bounded variation condition. Hence, it
follows from (55) that the sequence G is physically equivalent to the additive sequence
(SnIb)n∈N generated by the continuous Bowen function Ib : Σ

Z → R, which is a contradiction.
Hence, by construction, the asymptotically additive family a satisfies the bounded variation
condition and has a unique equilibrium measure (with respect to Φ on Y ), but cannot be
physically equivalent to any additive family generated by a Bowen continuous function.

Therefore, as it also happened for the asymptotically additive case with respect to
discrete-time dynamical systems, the physical equivalence result obtained in Theorem 1
does not always preserve the Bowen regularity property.

3.4 Concluding remarks

Observe that all the results in the regularity sections are developed for hyperbolic symbolic
flows. There is a deeper reason for that, which comes all the way from [BKM20]. In this
last work, studying almost additivity in the context of planar matrix cocycles, the authors
showed an example of a quasi-Bernoulli measure that is not Gibbs for any Hölder continuous
function with respect to the left-sided full shift map. In view of the nonadditive versions of
the Livšic theorem for maps and flows (Theorem 5 in [HS24] and Theorem 16, respectively),
this particular example plays a fundamental role in the production of the counter-examples
in [HS24] for the left-sided full shift map and, consequently, the ones in Theorem 24 for
symbolic flows. Based on this, morally speaking, all the counter-examples and results
discussed here in the regularity section can be adapted to the case of hyperbolic flows and,
more generally, to suspension flows over topologically mixing subshifts of finite type. Finally,
let us mention the still open problem of the existence of sequences and families of type 2,
which is related to the understanding of how some results in [BKM20] could accommodate
Bowen continuous functions, going beyond the Hölder regularity case previously considered
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in it. A positive answer in this direction would finally reveal the existence of quasi-Bernoulli
measures that do not satisfy the Gibbs property for any continuous function, consequently
giving examples of sequences of type 2 with respect to the full shift of finite type. By our
constructions in this note, we could as well produce examples of families of type 2 with
respect to hyperbolic symbolic flows and hyperbolic flows (via Markov partitions).
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no. 12222110 and is supported by the National Council for Scientific and Technological
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