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ABSTRACT. We obtain nonlinear conditional variational principles for families
of continuous potentials, with and without uniqueness of equilibrium states.
This includes discussing the connection with the topological pressure, giving
a detailed analysis of nonlinear level sets, and providing information on full
measures. We apply our results in particular to describe the relation between
the dimension spectrum and the classical topological pressure, to study the
dimension of sets of nontypical points with respect to nonlinear perturbations
of Birkhoff’s averages and some multiple ergodic averages, and to provide a
better understanding of intermediate dimension properties for maps with some
hyperbolic behavior.
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1. INTRODUCTION

Our work is a further contribution to the (mathematical) thermodynamic formal-
ism and multifractal analysis, with emphasis on the study of nonlinear conditional
variational principles and their applications. The notion of topological pressure,
which is the starting point for the thermodynamic formalism, was introduced in
the 1970’s by Ruelle in [33] for expansive maps and then by Walters in [37] in full
generality. Since then the theory was developed profusely, and has many applica-
tions. The developments include a variational principle for the Kolmogorov—Sinai
entropy, and the study of the existence and uniqueness of equilibrium and Gibbs
measures, with emphasis on hyperbolic dynamics, among many other properties.
There are applications of the thermodynamic formalism for example to dimension
theory of dynamical systems and a rigorous development of multifractal analysis,
again with emphasis on hyperbolic dynamics, and to statistical physics. There are
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also several extensions of the thermodynamic formalism. These include the non-
additive thermodynamic formalism, which was used to obtain dimension estimates
for some classes of invariant sets, the subadditive thermodynamic formalism and
its generalized variational principle with applications to entropy spectra, and the
almost additive thermodynamic formalism with consequences for the construction
of weak Gibbs measures on nonconformal repellers. We refer the reader to the
books [1, 10, 24, 25, 29, 30, 34, 39| for the description of these and many further
developments.

In this work, we are interested in extending and unifying some topics of multi-
fractal analysis by using what is usually called the thermodynamic approach. The
main aim of our work is bringing together the thermodynamic formalism and the
nonlinear flavor of multifractal analysis. The later was initiated long ago, although
rather intermittently. This includes for example the study of nonlinear relations
between frequencies of digits and the dimension of sets defined in terms of these re-
lations (see for example [6]). Often, the lack of alternative formulas for conditional
variational principles cause considerable difficulties in making more explicit com-
putations of dimensions. It is also one of our objectives to obtain such alternative
formulas in the context of studying nonlinear relations. Interestingly (and perhaps
rather surprisingly as well), our main results do not require and can in fact be
considered independent of the new nonlinear thermodynamic formalism introduced
in [12] (see also [4]).

Before proceeding to a more detailed presentation of our results, we detail briefly
the main contributions of the present work:

1. We apply the thermodynamic approach to obtain nonlinear versions of con-
ditional variational principles for R%-valued continuous potentials, with and
without uniqueness of equilibrium states.

2. This description includes the connection with topological pressure, a detailed
analysis of generalized level sets with divergent points and nonlinear level
sets, and information on ergodic (nonlinear) full measures.

3. We apply our results to describe a relation between the dimension spectrum
and the classical topological pressure, while also giving examples related to
the frequency of symbols and digits in some number representations.

4. Moreover, we use the existence of ergodic nonlinear full measures to study
the dimension of the sets of nontypical points with respect to nonlinear
perturbations of Birkhoff’s averages and some multiple ergodic averages.

5. Finally, we apply our results on the existence of ergodic nonlinear full mea-
sures to obtain a better understanding of more general intermediate dimen-
sion properties for maps with some hyperbolic behavior.

Now we give a detailed description of our main result. For basic notions and
results, we refer the reader to Section 2 (we avoid detailing them here, which would
require a rather extended introduction). These include in particular notions re-
lated to linear and nonlinear level sets, dimension theory, and the thermodynamic
formalism.

Our main result—a nonlinear conditional variational principle—describes rela-
tions between nonlinear entropy and dimension spectra and the classical topological
pressure. It is obtained through a correspondence between level sets with different
limit points and nonlinear level sets, combined with results in [13]. Here we formu-
late the result only in the particular case of entropy spectra (see Theorem 3 for the
general case of dimension spectra). Consider a map T: X — X of a compact met-
ric space. Given a collection of real-valued continuous functions ® = {¢1,...,dq}
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on X, we consider the compact set

L{/X@dp:uejvt(T)} with /qu(/xqsldp,...,/x@du),

where M(T') denotes the set of T-invariant probability measures on X.

Theorem 1. Assume that T has upper semicontinuous metric entropy and finite
topological entropy, and that there exists a dense subspace D(X) in the continuous
functions such that every & € D(X) has a unique equilibrium measure. Given a
continuous function F: U — RP, where U is an open set containing L, for each
B € RP with F~18N L C int L we have:

1.
e, oo (f o) -

= sup  sup {hM(T):/ @du:a}
a€F 18 pneM(T) X

= sup sup {hu(T):peMc, (T)}
a€F =18 pneM(T)

= sup inf P({(¢,®—a)) = sup h(|Cy);
acF-15q€R? aEF-18

h(T|C)

2. given € > 0, there exists an ergodic measure v € M(T) with F( [y ®dv) = f
and V(Cg) =1 such that

|h(T) = M(T|CE)| <e.

As far as we know, this result gives the first relation between the topological pres-
sure and a general nonlinear conditional variational principle. The approximation
via ergodic measures is crucial for studying nontypical points in the nonlinear case
(see Section 7), for establishing some connections to multiple ergodic averages (see
Section 9), and for extending intermediate entropy and dimension properties with
respect to some hyperbolic systems (see Section 10). Following the developments
in [5] and [7], we also obtain a sharper nonlinear conditional variational principle
with all suprema replaced by maxima under more restrictive assumptions (see The-
orem 6). We consider briefly the case of mixed spectra for conformal repellers in
Section 3.3.

As further developments, in Section 4 we discuss the number and characterization
of full measures. It turns out that when ® has more than one potential, one may
have parameters 8 with uncountably many nonlinear full measures. Furthermore,
we consider the problem of the regularity of the nonlinear dimension spectrum in
Section 5, and we explore some connections between the multifractal spectra of level
sets with divergent points and the nonlinear thermodynamic formalism introduced
in [12] to study the finer structure of the level sets in Section 6.

Concerning applications, in Section 7 we use the existence of nonlinear full mea-
sures to study the dimension of nonlinear irregular sets. In particular, this extends
several results in [8]. The main element of our approach is the approximation of
nonlinear full measures by distinguishing measures. Using Markov partitions, one
could also obtain corresponding results for uniformly expanding and hyperbolic
maps. We emphasize that some related nonlinear multifractal problems were dis-
cussed in [22], although using different methods. However, their approach cannot
decide if some types of irregular sets have full topological entropy (see Remark 8 for
details). Furthermore, in Section 8 we describe some applications of the nonlinear
conditional variational principle to relations between frequencies of digits and the
entropy and dimension spectra that they define.



4 L. BARREIRA, C. E. HOLANDA, X. HOU, AND X. TIAN

In Section 9, combining our main theorem with results in [19] for the full shift,
we obtain a relation between the Hausdorff dimension of level sets generated by
some multiple ergodic averages, the nonlinear Hausdorff dimension spectrum and
the classical topological pressure. Together with the existence of distinguishing and
ergodic full measures, this relation also gives conditions for which the set of nontyp-
ical points with respect to multiple ergodic averages has full Hausdorff dimension.

Finally, inspired by recent work in [17], in Section 10 we study some relations
between intermediate entropy and dimension properties of ergodic measures and
their nonlinear counterparts. This is a further application of the existence of ergodic
nonlinear full measures obtained in our work.

2. BASIC NOTIONS AND PRELIMINARIES

2.1. Linear and nonlinear level sets. Let X be a compact metric space and
let T: X — X be a continuous map. We denote by M(T) the set of T-invariant
probability measures on X. Consider a collection ® = {¢1,..., ¢4} of continuous
functions ¢;: X — R for i =1,...,d and a continuous function F': U — RP, where
U C R? is an open set containing the compact set

L:{/chdu:ueM(T)} with /}(@du:(/xqbldu,...7/x¢ddu>.

Given a continuous function ¢: X — R, we write S, = S p_¢ ¢ o T* for n € N.
For each o € R%, we consider the linear level set

[
Co = {x € X : lim Sn®(2) = Oc}7 where S, ® = (Spd1,...,Sndd).

n— 00 n

It is well known that C, = () whenever a ¢ L. Furthermore, for each 8 € R? we
consider the nonlinear level set

cg{xeX: lim F<S”(I)(‘”)> ﬂ}.

n—00 n

Clearly, C§ = ) whenever 3 ¢ F(L) C R.
For each j € {1,...,d}, we denote by SJ_(z) C R the set of limit points of the
sequence (S, ¢;(x)/n)nen. Since these sequences are bounded and

1 1
| S0 - 15,0, =0

for all z € X and j € {1, ...,d}, exactly one of the following alternatives holds:
1. (Sn¢;(z)/n)nen converges and S () is a singleton or
2. (Sn¢j(x)/n)nen diverges and S (z) is the closed interval

n—oo

o1 . 1
Ii(z) = [hnrglolgf ﬁS"(’bj (z),lim sup nSngb](x)} .

Moreover, let S (z) C R? be the set of limit points of the sequence (S, ®(x)/n),en.
For each A C RY, we also consider the more general (level) sets

Ca={zeX:Ss(x)C A} (1)

Note that for A = {a} we have Cf,y = Cy. Clearly, [J,c4 Co € Ca, but this
inclusion may be proper since C'4 may contain points € X for which the sequence
(Sp®(z)/n)nen diverges.

One can also consider the sets Sao () = SL () x -+ x 8% (2). Clearly S (z) C
§Oo(x) and in general this inclusion may be proper. For instance, for ® = {¢1, ¢2}
with ¢; cohomologous to ¢9, the set S () is either a point or a diagonal line. On
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the other hand, for each 2 € X the set S, (z) is the square Iy (z) x Iy(z). Finally,
given A C R?, we consider the level sets

Ca={zeX:Sc(x)C A}

For each 2 € X the set Soo(2) C Iy () x - -+ x I(x) is either a point, a hyperplane
or a hyperrectangle. For instance, in dimension 1 each set goo(x) is a singleton or
a closed interval, while in dimension 2 it is a point, a vertical or horizontal line, or
a rectangle (see Figure 1).

FIGURE 1. Possible types of sets S (z) C A C R2.

The following example gives a general scenario where Cy = C A.

Example 1. Let A C R? be a countable set. Then C4 and Ca are composed of
points x € X for which the sequence (S, ®(x)/n)nen converges to some « € A, and

one can see that Ca = J,ec 4 Ca = Ca. O

We give another example where the shape of the set §oo (x) plays a crucial role.

Example 2. Let F': R? — R be the quadratic function F(z,y) = 2% +y?. For each
B € int L, the set A := F~13 is the circle ST C R? of radius /5 centered at (0,0).
Since there are no lines nor rectangles contained in S', the set C 4 is composed of
points x € X for which (S, ®(x)/n)nen converges to some o € A. In this case A is
an uncountable set, but we still have C4 = Uaca Ca- O

We note that in general 5,4 C Cy, and we may have C'y # UaeA Cy. When F
is a nonlinear function and F~!3 contains at least one hyperplane, it is not hard to
find a dynamical system and continuous potentials such that Cp-15 # U,cp-1 5 Ca-

In this work we consider the more general (and less rigid) level sets C4 instead
of Ca. A good reason for this is the connection to nonlinear level sets in Section 3.1.

2.2. Dimension theory and thermodynamic formalism. We first recall a use-
ful notion of dimension introduced in [8]. Let T: X — X be a continuous map of
a compact metric space. Given a finite open cover U of X, for each n € N let X,,
be the set of strings U = (Uy,...,U,) with U; € U for i = 1,...,n. We write
m(U) = n and define

XU)={zeX :T"'(2) €Uy for k=1,....mU)}.
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We say that a set I' C |J,,cny Xn covers aset Z C X if Z C Jyep X(U). Given a
continuous function u : X — R¥, for each U € X,, we define

_ Jsupxn LSu(z) if X(U) #0,
W) = {—oo it X(U) = 0.

Finally, given a set Z C X and a number a € R, let

Nz(a,u,U) = nh_}rrgo 1r11fUZEFexp(—au(U)),
with the infimum taken over all I' C | J, -, X covering Z and with the convention
that exp(—o0) = 0. Denoting by diam U the diameter of U, one can show that
dim, Z := lim dim,y Z, where dim,y Z = inf{a eR: Nz(a,u,U) = 0},
diam U—0
is well defined. This is called the u-dimension of Z with respect to 7. When v = 1,
we have dim, Z = hiop(T'|Z), the topological entropy of T restricted to Z (see [9]).
Moreover, when X is a repeller of a C! conformal expanding map 7: X — X and
u(z) = log||d,T||, we have dim, Z = dimpg Z for every set Z C X, where dimy Z
denotes the Hausdorff dimension of Z. The function 8 htop(T|Cg) is called the
nonlinear entropy spectrum and the functions g — dim,, Cg and 8 +— dimg C’g are
called nonlinear dimension spectra.
Given a Borel probability measure v on X, the limit
dim, v = lim inf{dimu’u Z:v(Z) = 1}
diam U—0
is called the u-dimension of v. We also introduce local quantities that generalize
the notion of pointwise dimensions. The lower and upper u-pointwise dimensions
of v at a point « € X are defined respectively by

1 X
dl/ u(x) = Iim liminfinf —M’

’ diamU—0 n—oco U u(U
g g . logv(X(U))
O e T

When v € M(T) is ergodic, it was proved in [8] that
i = h,(T)
dim, v = du,u(‘r) = du,u(x) - fX udy’

where h, (T') is the Kolmogorov-Sinai entropy of T' with respect to v € M(T).

Pesin and Pitskel’ extended the notion of topological pressure to noncompact
sets in [31]. Given a continuous function ¢: X — R, a set Z C X and a number
a € R, let

Mz(a, o, U) := lim inf exp(—am(U) + ¢(U)),
vel

with the infimum taken over all I' C |J,,~,, X covering Z. Letting
Pz(p,U) =inf{a € R: Mz(a,p,U) =0},
one can show that the limit

Pz(p) = diarlrllr"!l:(lﬁo Pz, W)
exists. It is called the topological pressure of ¢ on the set Z C X (with respect
to T'). Note that s = dim, Z is the unique solution of the equation Pz(—tu) = 0.
When Z is the whole space X, we also write Px (p) = P(y).

Finally, we recall the notion of nonlinear topological pressure considered in [12]
(see also [4]). Given n € N and € > 0, aset E C X is said to be (n,e)-separated if
dn(z,y) > ¢ for every x,y € E with z # y. Since X is compact, any (n, £)-separated
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set is finite. Let F: R? — R be a continuous function and let ® = {¢1,...,dq}
be a family of continuous functions ¢;: X — R for ¢ = 1,...,d. The nonlinear
topological pressure of ® with respect to F' is defined by

1 o
Pr(®) = lim lim sup — log sup Z exp [nF<Sn(x))] :

e=0 pyoo N E e E n
with the supremum taken over all (n,€)-separated sets E.
Following [12], we say that the pair (T, ®) has an abundance of ergodic measures
if for each p € M(T), h < h,(T) and € > 0 there exists an ergodic measure
v € M(T) such that h,(T) > h and

‘/ ¢idy/¢idu‘<s fori=1,...,d.
X b'e

When (T, ®) has an abundance of ergodic measures or F' is a convex function, we
have the variational principle

Pr(#) = sup (h#(T) + F</X <I>du>) ,

with the supremum taken over measures p € M(T). A measure n € M(T) is said
to be an equilibrium measure for (F,®) with respect to T if

Pp(®) = hy(T) + F(/X <I>d77>.

When ® = {¢} and F is the identity function, we recover the classical topological
pressure Px(p) of ¢ with respect to T. A measure u € M(T) is said to be an
equilibrium measure for @ if

Px(p) ZhM(T)Jr/dew

3. NONLINEAR DIMENSION SPECTRA

In this section we explore different types of nonlinear entropy and dimension
spectra and we study some relations between them and the classical topological
pressure.

3.1. Nonlinear conditional variational principles. First we establish several
nonlinear conditional variational principles for the entropy and dimension spectra
using results coming solely from the thermodynamic formalism. In particular, this
allow us to give more detailed information about the measures of maximal entropy
and maximal dimension.

Let C°(X) be the set of continuous functions f: X — R and let Mz (T) € M(T)
be the set of measures € M(T') with u(Z) = 1. The following theorem can be
obtained combining Theorem C, Theorem 3.3 and Proposition 2.14 in [13].

Theorem 2 ([13]). Let T: X — X be a continuous map of a compact metric space
such that the metric entropy pn — h,,(T') is upper semicontinuous and hop(T) < o0.
Suppose that u: X — RT is a continuous function, ® = {¢1,...,¢q} is a collection
of real-valued continuous functions on X and that there exists a dense subspace
D(X) C C%X) such that every & € D(X) has a unique equilibrium measure.
Then:
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1. for each compact set A C int L we have
h, (T
dim, C4 = sup sup {“() :/ ddy = oz}

a€A peM(T) fx udp  Jx
hu(T)
Jx uwdp

= sup inf Sy(a,q) = sup dim, C,,
acA qEeR? acA

= sup sup { T E MCQ(T)}

a€A peM(T)

where Sy (a, q) is the unique number such that P({q, ® —a)— S, (a, q)u) = 0;
2. given o € int L, for each € > 0 there exists an ergodic measure v € M(T)
with [ ®dv = o and v(Cq) =1 such that

’dimu v — dim,, C’a‘ < g
3. the map int L > o — dim,, C\, is continuous.

The next theorem is our main result. It is obtained through a correspondence
between level sets with different limit points and nonlinear level sets, combined with
Theorem 2. As far as we know, this is the first relation between the topological
pressure and the nonlinear conditional variational principle. Furthermore, we ap-
proximate the nonlinear dimension spectrum via ergodic measures, which is crucial
for studying nontypical points in the nonlinear case (see Section 7), for establishing
some connections to multiple ergodic averages (see Section 9), and for extending
intermediate entropy and dimension properties with respect to some hyperbolic
systems (see Section 10).

Theorem 3 (Nonlinear conditional variational principle). Let T: X — X be a con-
tinuous map of a compact metric space such that the metric entropy p— h,(T) is
upper semicontinuous and hyop(T) < oo. Suppose that u: X — R* is a continuous
function, ® = {¢1,...,¢4} is a collection of real-valued continuous functions on X
and that there exists a dense subspace D(X) C C°(X) such that every & € D(X) has
a unique equilibrium measure. Moreover, let F': U — RP be a continuous function,
where U is an open set containing L. Then for each 5 € RP with F~'fNL C int L

we have:
1.
h, (T
dimuC’g: sup {MF</ <I>d,u> —B}

nemr) L fx wdp X

= sup sup {h‘L(T):/Qd,u—oz}
a€F~18 neM(T) fXUdﬂ X (2)

h, (T

= sup sup { u(T) :uGMCa(T)}
acF1puem(r) | [x wdp

= sup inf S,(a,q)= sup dim,C,,

acF—18qER? a€F-1p
where Sy (a, q) is the unique number such that P({q, ® —a) — Sy (a, ¢)u) = 0;
2. given € > 0, there exists an ergodic measure v € M(T) with F( [, ®dv) =
and v(C§) =1 such that

‘dimu v — dim,, C'g’ <e.

Proof. We need an auxiliary key lemma, which connects level sets with distinct
limit points and nonlinear level sets.

Lemma 1. Let T: X — X be a continuous map of a compact metric space and
let ®: X — R? be a continuous function. Given a continuous function F: ®(X) C
R¢ — R?, we have Cp-15= C}; for any B € RP.
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Proof of the lemma. Take z € C}. Then the sequence (F(S,®(z)/n))nen con-
verges to 5. Given o € Soo (), there is a subsequence (S, ®(x)/ny)ren converging
to a. Since F' is continuous, this readily implies that

.1 . 1
Fla) = F(lchﬁrgO nkSnkCD(x)> = klggoF(mS”’“@(x)) =,
and so a € F~13. Therefore, So.(z) C F~! and we obtain that z € Cp-1.

Now take x € Cp-15. This means that Se(z) C F~!3, which readily implies
that F'(Se(z)) C {#}. We also consider the set

1
S (x) = {fy € R? : there exists a subsequence F(Smkcb(x)) — 'y}.
mg

We claim that SZ(z) C F(Sw(z)). In fact, consider a subsequence satisfying
F(m%vSmk(I)(ac)) — 7. Since (S, ®(z)/n)en is bounded, one can take a subsequence

Ly, of my, such that eikSgkq)(x) converges to some o € R%. Thus,

. 1 . 1
F(a) = len;OF(&chkq)(x)) = klgr()l(}F(fr%Smk@(x)) =9
and o € S, (z). This shows that v € F(Se(z)), and finally we have SZ (z) C
F(Sx(x)) C {B}. Therefore, the sequence F(1S,®(x))nen has the unique limit
point 5. Moreover, since this sequence is bounded, it converges to (3, that is,
xelf. O

Since each closed set F~!3 C L is compact, all the equalities in (2) follow directly
from the first item in Theorem 2 together with Lemma 1.

Now we prove item 2. By item 3 in Theorem 2, the dimension spectrum int L >
a + dim,, C,, is continuous. Since F'~!'# C int L is compact, there exists a* € F~!3
such that

dim,, C’g = sup dim,C, = dim, Cy-=.
acF~18

It follows from item 2 in Theorem 2 that for each € > 0 there exists an ergodic
measure v € M(T) concentrated on Cy-(®) with [, ®dv = o* such that

|dimy, Co» (@) — dim,, v| < e.

Since Co- C CF, we also have v(C}) = 1. Moreover, F([, ®dv) = F(a*) = §,
and the theorem is proved. O

Taking the constant function u = 1 in Theorem 3, we obtain a corresponding
result for the nonlinear entropy spectrum. Furthermore, in the case of conformal
repellers one can apply Theorem 3 to unify many results in the literature for entropy
and dimension spectra. This includes for example Theorems 3.4, 3.5 and 3.6 in [13].
See Section 3.3 for further applications.

We also observe that any level set can actually be considered as a particular type
of a nonlinear level set.

Proposition 4. Let T: X — X be a continuous map of a compact metric space
and let ®: X — R? be a continuous function. Given a compact set A C L and a
number B € R, there exists a C™ function F: R — R such that Cy = Cg.

Proof. Tt is well known that any compact set A C R? can be realized as the set of
solutions of an equation G(x) = 0, where G: R? — [0, 00) is a C™ function. Thus,
F~13 = A for the function F(z) = G(z)+ 3, and so C4 = Cp-15. The conclusion
now follows from Lemma 1. d
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By Lemma 1 and Proposition 4, each set C4 is equal to Cq-15 = C{ for some
smooth function G: R — R and some A € R. Thus, in the nonlinear condi-
tional variational principle in Theorem 3, it suffices to consider real-valued C'*°
functions F'.

Furthermore, again as a consequence of Lemma 1 and Proposition 4, one can
obtain a corresponding result for general level sets containing divergent points as
defined in (1), under the setup of Theorem 7.2 in [36].

Corollary 5. Let T: X — X be a continuous map of a compact metric space
satisfying the specification property and such that the entropy map p — h,(T) is
upper semicontinuous. Suppose that ®: X — R? is a continuous function. Then
for each compact set A C R* with C4 # () we have

htop(T|Ca) = sup sup {h#(T) : / ddp = a} = sup hop(T|Ca).
a€A peM(T) X a€cA

Remark 1. Similarly, Lemma 1 and Proposition 4 allow us to obtain correspon-
dences between many results involving nonlinear conditional variational principles
and conditional variational principles for level sets containing divergent points pre-
sented in [27] and [28]. We refrain from detailing these applications explicitly.

We continue to assume that T: X — X is a continuous map of a compact metric
space, u: X — R is a strictly positive continuous function, and ®: X — R?% and
F:R% — RP are continuous functions. Given a € L, a measure p € M(T) is called
a full measure for the level set C,, or simply a full measure for « if

T
/ (I)d,l,l/ = Q, M(Coz) =1 and dlmu Coc — M
X Jxwdn

Then we also say that « admits a full measure. Similarly, v € M(T) is called a
full measure for the nonlinear level set Cg or simply a nonlinear full measure for 8
(with respect to F') if

h,(T)
Jxudv

F</ <I>d1/>:ﬁ, V(Cg):]. and dimuC[f:
X

Then we also say that 8 admits a nonlinear full measure (with respect to F).

Inspired by the multifractal formalisms developed in [5] and [7], we also ob-
tain a sharper nonlinear conditional variational principle with all the suprema
in Theorem 3 replaced by maxima under more restrictive assumptions. Further-
more, we also can guarantee the existence of ergodic nonlinear full measures. Let
Up(X) C C°(X) be the set of continuous functions having a unique equilibrium
measure.

Theorem 6. Let T: X — X be a continuous map of a compact metric space such
that the metric entropy p — h,(T) is upper semicontinuous and hyop(T) < 00.
Suppose that u: X — RT is a continuous function and that ® = {¢1,...,dq} is a
collection of real-valued continuous functions on X such that spanf{u, ¢1,...,dq} C
Ug(X). Moreover, let F: U — RP be a continuous function on some open set U
containing L. Then for each B € RP with F~18N L C int L we have:
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dim, C} = max @) / Qdp | =45
pe(T) | [y udp x
= max max { huu(T) /@d,u:a}
aeF-1gueM(T) | [y udp ~ Jx (3)

F#ELZL w € Me, (T)}
X

= max min S,(a,q) = max dim, C,,
a€F~13 geR4 acF-18

= max max
a€F 18 neM(T)

where Sy (e, q) is the unique number such that P({q, ® —a) — Sy (e, q)u) = 0;
2. there exists an ergodic nonlinear full measure vg for B, thus satisfying
dim,, C[I; = dim,, v3.

Proof. The proof of this theorem uses some important elements from the classical
thermodynamic formalism, of which the main ingredient is the following result (see
Theorem 4.2.11 in [25]).

Lemma 2. Let T: X — X be a continuous map of a compact metric space such
that the metric entropy pn — h,(T) is upper semicontinuous. Then:

e given p € C°(X), the map R > t — P(p+t)) is differentiable at t = 0 for all
Y € CUX) if and only if ¢ € Ug(X), in which case the unique equilibrium
measure 1, for ¢ is ergodic and

*P(¢+t¢ le= 0—/ ¥ dny;
o if o, € C°(X) are such that span{y,v} C Ug(X), then the function t —
P(p +ty) is of class C*.

We proceed with the proof of the theorem, which is a combination of Lemma 1
and Theorem 2 together with Theorem 8 in [7]. Given « € L, we consider the
function I'y: R — R defined by

La(q) = P((q, ® — o) — dim,, Cau).
By Lemmas 1 and 2 in [7] we have

inf To(¢) >0 foraelL,
g€ERd

inf T'o(¢9) =0 forawe€intL,
g€ERI

and there exists g(a) € R? such that T'y(g(a)) = 0. Since span{u, ¢1, ..., ¢4} C
Ug(X), by Lemma 2 the map ¢ — I's(q) is of class C', and so 9, (q(c )) =0.
Now let p, be the unique equilibrium measure of the potential

Heo = {q(a),® — o) — dim,, Cu. (4)

By Lemma 2 we have

[ (@~ a)dia =0T a(a)) =0,
X

Proceeding as in the proof of Theorem 8 in [7], one also can verify that p, is ergodic
and satisfies

ta(Co) =1 and dim,C, =
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Moreover, since mingega I'a(¢) = T'a(q(e)), using the definition of S, («, ¢) one can
verify that the spectrum is given by
dim,, Cy = min Sy, (a, q) = Sy (a, g(@)).
g€ERY
Since F~!'8 C int L is compact and the dimension spectrum o — dim, C, is
continuous on int L, by Lemma 1 and Theorem 2 we finally obtain
dim, Cf = dim, Cp-15 = max dim, Ci.
a€EF-18
This establishes all the identities in (3).

Let us now establish the second item. Observe that there exists o* € F~13 such
that dim,, C§ = dim, Co+ and Co. C Cf. Together with (5) this yields

Ma*(Cg) =1, F(/X @dua*> =f and dim, C’g = dimy prox-

Hence, the result follows by taking vg = pq~, which completes the proof of the
theorem. (]

Remark 2. Besides being useful for applications, Theorem 6 also gives a suffi-
ciently general setup that allow one to extract the optimal outcome of the nonlinear
multifractal analysis via the thermodynamic formalism (in the sense that one can
guarantee the existence of nonlinear full measures). In addition, it allows one to
recover several related results in the literature; In particular, if we consider the
nonlinear function F: R?? — R? given by

T Ld
F(.’L’l,...7.'L'd,l'd+17...,$2d):( 7"'7)
Td+1 L2d

and the assumption that ¢; > 0 for all d4+1 < j < 2d, we recover Theorem 8 in [7].
As we shall see in the next section, Theorems 3 and 6 extend and unify many results
in the literature, such as in [7, 8, 13, 14], for various mixed and nonmixed entropy
and dimension spectra in one and higher-dimensions.

3.2. Further developments. Before proceeding, we briefly recall some notions
that are necessary in this section. Given é > 0, we say that T has weak specification
at scale ¢ if there exists 7 € N such that for any pairs (z1,n1), ..., (zk,ng) € X xN
there are y € X and 7q,...,7x_1 € N such that 7, < 7 and

A, (TF1TTi21(y) ) < & fori=1,...,k,

where s; = 23:1 n; + 23;11 7; with ng = 790 = 0. When one can take 7; = 7
for j = 1,...,k — 1, we say that T has specification at scale 6. Finally, we say
that T has weak specification (respectively specification) if it has weak specification
(respectively specification) at scale ¢ for all § > 0.

A nonlinear conditional variational principle for the topological entropy was ob-
tained by Takens and Verbitskiy in [36] for systems with the specification property
and with an upper semicontinuous metric entropy. Their result was obtained by
the so-called orbit-gluing approach, in particular showing no connection with the
topological pressure nor presenting any information about measures concentrated
on the level sets. They also asked whether the identity

heop(TICE) = S;lpﬁhtop(TICa) (6)
acF—1

holds for systems without the specification property.

Following [8], we give examples of dynamical systems without specification to
which Theorems 3 and 6 still apply. Denote by [2] and {z} the integer and fractional
parts of x € R, respectively. Let 8 > 1 be a real number and define a map
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T:1[0,1] — [0,1] by T(z) = {Bz}. The expansion of z € [0,1] in base f is the
sequence of integers (i, )nen in {0, ...,[B]} defined by i,, = [T~ 1(x)] for n € N. We
endow the set X5 = {0,...,[B]} with the product topology and consider the shift
map o: Xg — Xg given by o(i1ia---) = (i283- - - ), which is called the §-shift. We
recall that any SB-shift is expansive and has an upper semicontinuous metric entropy
(see for example [25]). However, for § in a residual set of full Lebesgue measure, the
corresponding S-shift does not satisfy the specification property (see [35]). It follows
from [38] that each Lipschitz function has a unique equilibrium measure with respect
to any (-shift, and so our Theorem 3 applies in this setting. Moreover, it yields a
more general identity for the u-dimension, namely
dim,, Cg = sup dim,C,, (7)
aeF-1p
when F~13 C int L. In particular, (6) holds for any 3-shift with 3 in a residual set.
We observe that when T: X — X does not satisfy the specification property
and F~1B8NAJL # 0, it may happen that

h, (T
sup  sup {”() :/ ddy = a} > sup dim,C, (8)
a€F~18 ueM(T) fX udp  Jx aEF-18

(see the discussion in Section 3.4 of [14]). Now assume that 7' and ® satisfy the
hypotheses of Theorem 3 and that the spectrum « +— dim, C, restricted to F~1/3
attains its maximum at some point o* € int L. Then it follows from Lemma 1,
Theorem 3 and (8) that

dim, C§ = dim, Cp-15 > dim, Co-

= s L) =)

> sup dim, C,,
aeF-18
On the other hand, when a* is a maximizing point for the spectrum in the whole
domain L we get

dim, C§ = dim, Cp-15 > dim, Co- = dim,, X,
which yields identity (7), that is,
dim,, C’g =dim, X = sup dim,C,.
a€F-13

See Section 6 for a related discussion on the role of the maximizing points for the
dimension spectrum.

3.3. Nonlinear mixed spectra for repellers. In this section we consider briefly
the particular case of mixed spectra for conformal repellers. For simplicity of the
exposition we assume from the beginning that 7: M — M is a C' map of a
Riemmanian manifold and that yu is a T-invariant Borel probability measure on M.

Let B(x,r) C M be the open ball of radius r centered at x. We define the
pointwise dimension of u at x € M by

0 (o)t BB
r—0 logr

whenever the limit exists. Moreover, we define the upper and lower p-local entropies
of T at x € M respectively by

— 1
hy(xz) = lim lim sup - log (B (z,0)),

=0 nooo

h,(z) = lim lim inf —% log (B (x,9)),

§—0 n—oo
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where By, (z,d) is the Bowen ball
B, (z,6) ={y € M :d(T"(z), T"(y)) < e for all 0 < k < n}.

It was shown by Brin and Katok in [11] that hy(z) := hy(z) = h,(z) for p-almost
every x € M. Finally, given x € M, we define

1
Az) = lim = log||d, T
n—oo n

whenever the limit exists. By Kingman’s subadditive ergodic theorem, A is well
defined p-almost everywhere.

Now let J C M be a compact T-invariant set (that is, T-'J = J). We say that
T is uniformly expanding on J and that J is a repeller of T' if there exist constants
¢ >0 and A > 1 such that

|deT"v]| > cA™||v]| forallz € J,neNandveT,M.

Moreover, we say that T is conformal on J if d,T is a multiple of an isometry for
every x € J.

In this section we denote by M the set of T-invariant Borel probability measures
on J and by Mg C M the subset of ergodic measures. Let ® = {¢1,..., ¢4} be a
collection of real-valued Holder continuous functions on J and define the sets

E:{—/@du:ueM}cRd, Lz{/loglldTldu:ueM}CR,
J J

[, ®du
D={——2f — . R
{ T oglarap * €My ©

We say that a measure p on M is a weak Gibbs measure for a continuous function
¢: M — R (with respect to T) if for any sufficiently small § > 0 there exists a
sequence (K, (8))nen in [1,00) with limy, o + log K, () = 0 such that

STIACR))
KO = epmnpt9) + Suota)] = K0

for all x € M and n € N. Let v; be a weak Gibbs measure for each function ¢; in
the collection ®. We also consider the nonlinear level sets of:

e local entropies and Lyapunov exponents
ELE ={z e J:F(h,(2),...,h,(2),A(z)) = T};
e pointwise dimensions and Lyapunov exponents
DLE = {z € J:G(dy, (2),...,dy,(x),\x)) =T}
e local entropies and pointwise dimensions
EDF ={x € J:H(hy, (2),...,h,(2),dy,(2),....dy,(2)) =T},

where F: U ¢ R 5 RéHL GV ¢ R — R and H: W C R?4 — R?? are
continuous functions defined respectively on open sets U D E x L, V D D x L and
W D E x D. Theorem 7 in [7] gives sufficient conditions so that the interior of the
domains E x L, D x L and E x D is nonempty.

Based on Theorem 3, we obtain a complete nonlinear multifractal analysis for
the mixed and nonmixed higher-dimensional spectra.

Theorem 7. Let J be a conformal repeller of a topologically mizing C' expanding
map T. Suppose that all the functions in ® have zero topological pressure and that
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vj is a weak Gibbs measure for ¢; for j =1,...,d. Then taking u(x) = log ||d.T||,
for each 7 € R™ with F~'rN(Ex L) C 1nt(E x L) we have

hiop(T|ELE) = sup { ( /(I)du /udu) = }
HEMerg

dimHELf: sup { ( /‘bdu /udu) }
HEMerg fJUd/‘L

As a consequence, we also obtain the following variational principles:
1. for each 7 € R4 with G='7 N (D x L) C int(D x L) we have

heop(T|DLE) = sup {h#(T) G< L, ®dn /Jud,u>—7},

.U‘EMerg fJUd/J’

od
dimyg DLY = sup { (1) :G(—f‘] u,/udu) :T};
HEMerg fJUd:u fJUdN J

2. when ® = {p}, for each (11, 75) € R* with
H~'(71,7) N (E x D) C int(E x D)

9)

we have

heop(T|EDH) = sup {hu(T):H<—/¢du,—fJ“"d“> - (71,72)},

HEMerg Jyudp

. pdu
dim EDf = sup { ( / du, f‘] ) =(m,T }
" UEMerg f]ud,u fJ udp ( ' 2)

Proof. Since T is differentiable and conformal on J, we have

n—1
1
Az) = lim 721og||di Tl = Jim S”“@”).

n—00 n

(10)

In addition, since each v; is a weak Glbbs measure with respect to ¢; and P(¢;) = 0,
it follows readily that

h,,(xz) = lim _ Sn®5(®) and d,,(r) = lim —

n—oo n n—oo  Spu(x) (11)
for j =1,...,d. Finally, it is well known that for a topologically mixing expanding
map, every Holder continuous function has a unique equilibrium measure. Since
the set of Holder continuous functions is dense in C°(X), one can apply Theorem 3
to obtain the nonlinear conditional variational principles for ELL" in (9).

Now consider the function Q: R x Rt — R*! given by Q(z,y) = (z/y,v).
It follows from (10) and (11) that DLE = EL%°Q which proves item 1. Finally,
consider the function R: R x RT — R? given by R(z,y) = (z,x/y). It follows again
from (10) and (11) that EDX¥ = ELH°E which gives item 2. d

Remark 3. Note that we only considered the case of a single potential in the last
item in Theorem 7. This is unavoidable since for d > 1 we always have int(ExD) = {)
(see Section 4 in [7]).

When T is a topologically mixing C**? expanding map (for some v > 0), each
function in @ is Holder continuous, and each v; is the equilibrium measure for ¢;,
one can use Theorem 6 to obtain sharper conditional variational principles, where
each supremum over Mg,z in Theorem 7 is replaced by a maximum. Under these
hypotheses, Theorem 7 gives a nonlinear generalization of Theorem 6 in [7].

We also observe that one can use Theorems 3 and 6 to combine the aforemen-
tioned entropy and dimension spectra in various different ways, leading to nonlinear
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extensions of many results in the literature, including in particular of Theorems 3.8
and 3.10 in [13]. It is also worth mentioning that one can obtain nonlinear mul-
tifractal conditional variational principles for nonuniformly expanding conformal
repellers making the appropriate technical modifications following [13].

4. NUMBER AND CHARACTERIZATION OF FULL MEASURES

Theorem 8 in [7] and Theorem 6 give a setup where each o € int L admits a
full measure, and where each 8 € RP satisfying F~!3N L C int L admits a nonlin-
ear full measure with respect to F'. We are left with some natural related questions:

Q1. Under the conditions of Theorem 8 in [7], how many full measures are there
for each o € int L? And what type of measures are they?

Q2. Under the conditions of Theorem 6, how many nonlinear full measures are
there for each f3 satisfying F~'BNL C int L? And does the number of full measures
depend on the parameter 3, on the nonlinear function F', or on the function u?

We observe that Q1 can be seen as a folklore-type question and was mentioned
before in the literature (see [2] and [3]). Nevertheless, to the best of our knowledge,
it was never systematically addressed in any setup.

We claim that each « € int L admits a unique full measure. Indeed, suppose
that o € int L admits a full measure p € M(T). In particular,

_ (T
Sy uwdp

By Theorem 8 in [7], @ admits a full measure which is also the unique equilibrium
measure 1), for the potential H, in (4). It follows from (12) that

hu(T)—|—/X9'fadu:hu(T)+/X<q(a),<I>—a> du—dimuCa/Xud,u

= (W—dimuC(X)/ udp =0
Jxwdp X

=0
= (h""“ () _ dim,, Ca> / U dne,
fX u d77a X

=0
= hy, (T) +/ He dnje = P(Ha).
X

dim,, Cy, and / Qdp = a. (12)
X

Hence, p is also an equilibrium measure for H,, which readily implies that u = 7,.
This shows that the full measures are ergodic and unique. Note that when ay # as,
the full measure v for a; is different from the full measure n for as. Indeed, if
u = v =1, we would have p(Cy,) = u(Ca,) = 1, and so also p(Cqy, N Cy,) = 1.
However, since a; # ag, we have Cy, N Cy, = 0.

Now we consider question Q2. By the proof of Theorem 6, each nonlinear full
measure for  is also the unique equilibrium measure for some potential H, with
F(a) = 8. Moreover, the number of nonlinear full measures for § is the number of
points a* € F~!8 maximizing the dimension spectrum a + dim, C,(®). In this
case, a very rough upper bound for the quantity of nonlinear full measures for 3 is

#F'B.
Proposition 8. Under the hypotheses of Theorem 6, the following holds:
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o A. If F: R? - R? is invertible, then each B admits a unique nonlinear full
measure.

e B. When ® = {¢}, if the dimension spectrum o — dim, C,, is strictly
concave on int L, then each B admits at most two nonlinear full measures.

o C. When ® = {¢}, if the dimension spectrum o — dim,, C,, is analytic on
int L, then each B admits finitely many nonlinear full measures.

Proof. Ttem A is immediate since #F '3 = 1 for all 8 with F~!3NL C int L. For
item B, we observe that if some § with F~18 N L C int L admits three or more
nonlinear full measures, then the dimension spectrum attains a maximum at three
or more different elements of F~!4, and so it cannot be strictly concave on the
open interval int L.

Now we prove item C. It is well known that if an analytic function has infinitely
many zeros on a compact interval, then it is identically zero. This implies that
any nonconstant analytic function on the compact interval L has at most finitely
many critical points. Since the dimension spectrum a +— dim,, C,, is assumed to be
analytic on int L, it follows that

#{nonlinear full measures for 5} < #{critical points of dim,, Cy|int L} + 1
for each 8 with F~!3N L C int L, and the desired result follows. O
We emphasize that all cases A, B and C in Proposition 8 occur naturally in the
literature (see Sections 5 and 6).
When the collection ¢ has more than one potential, and even when the dimension

spectrum is strictly concave and analytic, one may have parameters § admitting
uncountably many nonlinear full measures, as the following example shows.

Example 3. (Uncountably many nonlinear full measures). Let ¥ = {1,2,3}" and
consider the shift map o: ¥ — ¥ and the collection ® = {¢1, ¢} composed of the
functions ¢1, ¢2: X — R given by

¢1=1c, and ¢ =l1¢c,,

where 14 is the indicator function of the set A, and Cj is the cylinder set of all
sequences w = (wowy ... ) € ¥ with wg = j. In this case,

L = {(u(Cr), 1(C5)) - 1 € M(0)} € [0,1] x [0,1].
Since p(C1) + u(C2) + u(Cs) = 1 for every measure u € M(o), Theorem 6 gives
(a1, a2) 0 = hiop(0|Cay az)) = plenw%é){h“(a) : (1(C1), 1(C3)) = (a1, 02) }
= —agloga; —aglogas — (1 — a1 — ag)log(l — ag — ag).

Moreover, clearly L = { (a1, a2) € [0,1]x[0,1] : g + a2 < 1}. Notice that int L 5
and that the spectrum (o, as) — &(aq, as) is strictly concave on L (see Figure 2).

h )Y

FIGURE 2. The domain L and the entropy spectrum £: L — R.
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Fix a number ¢ € [0, sup ] such that the level set
S(c) :=={(ar,a2) € L: &(ar,az) =c} Cint L
(see Figure 2). Proceeding as in the proof of Proposition 4, one can find a smooth

function F: R? — R and a number 8 € R such that F~!3 = S(c¢) C int L. It
follows from Theorem 6 that

htop(U|O§‘) = (a ogl)aé}%,lﬁhtOP(O-|C(alx‘12))

= max &(ay,a9) =c=E&(a],as
(o ax  E(on,02) (a1, a5)
for every (af,a3) € S(c¢). In this case, each point of S(c¢) maximizes the entropy
spectrum, and so is associated to a distinct nonlinear full measure for 3. Since S(c)
is the closed curve obtained from &(z,y) = ¢, we have an uncountable number of
nonlinear full measures for the level set Cg .

5. REGULARITY OF THE NONLINEAR DIMENSION SPECTRUM

In this section we consider the problem of regularity of the nonlinear dimension
spectrum. More precisely, we study the case when F is a (nonlinear) function
defined on an open set containing the domain L C R? and taking values in R<.
For convenience of notation, we shall write DX(3) = dim, Cg , and in particular,
when u = 1, we shall write ££'(3) = htop(T|Cg). We shall also denote the linear
spectra by

Dy(a) =dim, Cy and E(a) = hiop(T|Cq)-
Based on Theorem 3, the domain of the nonlinear spectrum is the set
{BeR": F'BNL CintL}.

Theorem 9. Under the hypotheses of Theorem 3, let F: U D> L — R? be a CF
function on an open set U with k > 1 or k = w (real-analytic). Then for each [
satisfying F~18 N L C int L and such that the Jacobian matriz of F restricted to
F~13 is invertible, there exist a neighborhood V of B and a C* function F:V > Re
such that _

DE=D,0F.
In particular, if the linear dimension spectrum D, is C* (respectively continuous)

on int L, the nonlinear dimension spectrum DI is C* (respectively continuous)
onV.

Proof. Take 8 € R? such that F~'3 N L C int L and consider the function H
given by H(B,x) = F(z) — 3. For any o* € F~13, we have H(3,a*) = 0 and, by
hypothesis, the matrix o H (S, a*) is invertible. By the implicit function theorem,
there exist an open set V' C R¢ containing 3 and a C* function F:V = R? such
that F(8) = o and H(z, F(z)) = 0 for all z € V. Together with Theorem 3 this
implies that
DE(B) = gwa%@u(a) =D (F(8)) with F(F(z))=zforall zeV.

If necessary, one can consider neighborhoods V c Vand W C V such that F (W) c
F~'V C int L. Then the regularity of F' and of the linear spectrum on int L can
be used to obtain the regularity of the nonlinear spectrum on W. ([

Remark 4. Theorem 9 includes of course the case when F is invertible. Moreover,
when T is a subshift of finite type, an Axiom A C'*7 diffeomorphism or a C*+7
expanding map, assumed to be topologically mixing, and the functions in the col-
lection ® = {¢1,...,dq} are Holder continuous, it follows from Theorem 13 in [7]
that the dimension spectrum D, is analytic on int L. In these situations, with F
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as in Theorem 9, the nonlinear dimension spectrum is also analytic on its domain
(see Example 4). On the other hand, when the hypothesis on the Jacobian fails,
even discontinuities may appear (see Example 5).

6. FINER STRUCTURE OF THE LEVEL SETS

In this section we explore some connections between the multifractal spectra
of level sets with divergent points and the nonlinear thermodynamic formalism
introduced in [12].

We say that a function g: D C R? — R U {—o0} is concave of C" Legendre type
for some 1 < r < w (where w stands for real-analytic) if:

e ¢ is upper semicontinuous;

e D has nonempty interior and g is strictly concave and C" on int D; moreover,
when r > 2, the Hessian of g is negative-definite everywhere;

o for all sequences (x,)nen With x,, € int D converging to a point in 0D, we
have lim,,—, » |Vg(x,)| = +oc.

Let T: X — X be a continuous map of a compact metric space with finite
topological entropy and let ® = {¢1, ..., ¢4} be a collection of continuous functions
¢;: X — R. We consider the entropy function h: RY — R U {—oc} given by

ey = sup L) [ @au=al

and the u-dimension function d,: R? — R U {—oco} given by

dy(a) = sup {h“(j;i)/ @du:a}.
perr) Sy udn Jx

With the usual convention that sup® = —oc one can verify that, respectively,
L={acR?: h(a)# —o0} and L={acR?:d,(a)#—o0}.
In particular, under the hypotheses of Theorem 2, we have
hMa) = hiop(T|Cs) and  d,(a) =dim, C, for all a € int L. (13)

Following [12], we say that the pair (T, ®) is C" Legendre with 1 < r < w if:

e the set L € R? has nonempty interior;
L4 htop(T) < o0
e the function h is concave of C" Legendre type.
In what follows, we shall write (T, u,®) to refer to {u,®} as the collection of
functions {u, ¢1,...,da}-
Denote by Cr(X) C C°(X) the family of continuous functions ¢: X — R for
which given € > 0, there exists § > 0 such that

|Snp(x) — Snp(y)| <e whenever d,(z,y) < 0,

where
dp(z,y) = max{d(Tk(a:),Tk(y)) tk=0,...,n—1}.

Let T be a topologically mixing subshift of finite type, an Axiom A C'*7 diffeomor-
phism or a C'™7 expanding map. When ® = {¢1,..., ¢4} is such that ¢; € Cp(X)
for all 1 < 5 < d and the cohomology classes of the functions 1,¢q,..., ¢4 are
linearly independent, then (T, ®) is a C! Legendre pair. Furthermore, when each
¢; is Holder continuous the pair (T, ®) is C¥ Legendre (see [12, Proposition 3.10],
[7, Theorem 12] and [7, Theorem 13]).
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Proposition 10. Let (T,u, ®) be C' Legendre and let F: U — R be a continuous
function, where U is an open set containing L. Then

Ztellz{du(a) + F(a)} = Emta£(¢){d @)+ F(a)} > max{d )+ F(a)}.

In particular, the mazimum of d,, is only attained on int L.

Proof. Following [12], we define the generalized nonlinear energy by

HG(u,u,é):G(hM(T),/Xudu,/bedu)

where G: V — R is any continuous function on an open set V' C R x R4+ satisfying
the conditions

02, G(@0, 71, -, Tarn) > 0, {(hM(T),/Xudu,/chdp) pe M(T)} CV. (14)

Let also
Lu:{(/ ud,u7/ <I>du>:ueM(T)}CR><Rd.
X X

When a measure 7 € M(7T') maximizes the map u — I (u,u, ®) and (T,u, ®) is
C! Legendre, it follows from Claim 3 in [12] that

HG(n,u,CD) = sup G(h(z1,- s 2d41), 21y - -+ Zd+1) (15)
(21,..4,Zd+1)€int L,

and that the maximum is never attained on dL,. Now we consider the function
G: R x RT x RY — R given by

Zo
G(l‘o,l‘l,ajg, . ,$d+1) = CE— + F(xg, . ,Z‘d+1),

where F': U C R? — R is any continuous function on some open set U O L. Since
89506' = 1/21 > 0, the function G satisfies (14). Hence, by (15) we obtain

o L (e}

{W+F(Zz,---7zd+1)}

= sup
(21,...,Zd+1)€int L,
h(z1, 23, -, 241)
+1
= " +F(Z;7...,Z:;+1)
Z1
for some (27,25,...,25,,) € int L,,. In other words, there exists v € M(T) with

Jxudv = zfand [, ®dv = (z3,...,25,,) such that

Az (o)} = o o)

Therefore,
hy (T)
dy( F F ddv | = du( F
ilellz{ )+ Fla)} = qudVJr (/X V) aréllgg([/{ )+ F(a)}
with [, ®dv € int L, which completes the proof. O

In a similar direction, we also have the following result. Let Hy be the set of
real-valued Holder continuous functions with exponent 6.



NONLINEAR DIMENSION SPECTRA, FULL MEASURES AND NONTYPICAL POINTS 21

Theorem 11 ([7, Theorem 14]). Let T be a topologically mizing subshift of finite
type, a C1T7 diffeomorphism with a hyperbolic set, or a C'TY map with a repeller.
Then there exists a residual set O C (Hg)? such that for each ® € O we have

dy|OL=0 and L =intL. (16)
In particular, either d,, =0 or d,, does not attain a mazimum on OL.

Motivated by Theorem 11, we say that a pair (T, ®) is typical if it satisfies (16).

The next result gives a relation between the dimension spectrum and the non-
linear topological pressure, and shows how the maximizing points for the linear
dimension spectrum on L play an important role on the “size” of level sets with
divergent points.

Theorem 12. Let T: X — X be a continuous map of a compact metric space such
that the metric entropy p — h,(T) is upper semicontinuous and hyop(T) < o0.
Suppose that u: X — R is a strictly positive continuous function, ® = {¢1,..., b4}
is a collection of real-valued continuous functions on X and assume that there exists
a dense subspace D(X) C C°(X) such that every & € D(X) has a unique equilibrium
measure. Then the following properties hold:

1. If in addition (T,u,®) is C* Legendre or (T, ®) is typical, then

max dim, C, = dim, X.

a€int L
In particular, a compact set A C int L contains a maximizing point for the
u-dimension function d,|L if and only if

dim,, C'4 = dim,, X.

2. If in addition (T, ®) is C' Legendre with an abundance of ergodic measures,
and the functions h and d,, are continuous on L, then
max_dim, C,, = Pg,(®) = dim, X, (17)
acint L
where G, : RY — R is a continuous function such that G, (a)|L = d,(a) —
h(a) and Pg,(®) is the nonlinear topological pressure for (G, ®). In par-
ticular, a compact set A C int L contains a maximizing point for the u-
dimension function d,|L if and only if

dimu CA = PGu ((I>) = dimu X.

3. All the maximizing points for the u-dimension function are in OL if and only
if for each compact set A C int L we have

dim, C4 < max dy () = dim,, X.

In particular, (T, u,®) is not C' Legendre.

Proof. The first item follows from combining Proposition 10, the definition of typ-
ical pairs and Theorem 2. Now we prove item 2. Consider the continuous function
Gu(a) = dy(a) — h(a) for a € L. Since L C RY is compact, one can find a contin-
uous function Gy : R? — R such that Gy|L = G,|L (sce for example Theorem 4.16
in [20]). Since (T, ®) is C! Legendre, it follows from Theorem 3.16 in [12] that every
maximizing point of h + G, belongs to int L. By Theorem 2, d,,(«) = dim,, C,, for
all a € int L, and we obtain

dy = dy = dim,, C,.
maxdy () = max, dy(a) = max dim, C (18)
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Now consider the set Mo = {1 € M(T) : [, ®du = a}. Since (T, ®) has an
abundance of ergodic measures, we can apply the nonlinear variational principle to

obtain
P, (®) = sup {hn(T) + Gy </ <I>d17> }
neM(T) X

e AU VL)) (19
= sup supa{hn(T) + Gu()}

a€Ll neMa
= sup{h(a) + Gu(a)} = maxd,(a).
acl a€l

By the definitions of classical topological pressure and wu-dimension, one can see
that Px(—dim, Xu) = 0. Hence, it follows from (18) that

hy (T .
ey < e le) =, dim, Co

dim, X =

where v € M(T') is an equilibrium measure for the function — dim, Xu. By Theo-
rem A3.1 in [30], we have dim, C, < dim, X for each « € int L. Hence, it follows
that dim, X = maxgeint . dim, C,. Together with (18) and (19), this establishes
identity (17).

By Theorem 2, for each compact set A C int L, we have dim, C4 = max,eca Cy.
In this case, it follows from (13) that

dim,, C4 = maxdim, C, = maxd,(«).
acA acA

Hence, if a set A contains a maximizing point o* for the function d,|L, then we get
dim, C4 = dim, Cy» = dy (™) = dim,, X.
On the other hand, when a set A contains no maximizing point for d, on L, then

dim, Cy < max dy(a) = dim, X.
agc

To prove item 3, note that if there exists A C int L with dim, C4 = dim, X,
then there is a point o* € A such that dim, Cy,+ = dim, X = max,er dy(a). In
other words, a* € int L is a maximizing point for d,|L. O

Remark 5. Note that the equivalence between level sets with distinct limit points
and nonlinear levels sets described in Lemma 1 allows one to give the same type
of information as in Theorem 12, although now with respect to nonlinear level sets
(see Section 8).

The first item in Theorem 12 gives two different types of setups (that may inter-
sect) where one can find proper level sets of full dimension, and this property only
depends on the localization of the maximizing points for the u-dimension function
(or the entropy function) on L. Therefore, the dimensions of the sets Cy do not
depend necessarily on the shape or “size” of the sets A C L (see Figure 3). Analo-
gously, the second item in Theorem 12 gives a relation between the u-dimension and
the nonlinear topological pressure, and indicates that for C' Legendre pairs with
an abundance of ergodic measures, some level sets with divergent points can have
full dimension (or full entropy). Finally, the third item in Theorem 12 describes a
similar dependence on the localization of the maxima of the u-dimension function,
for more general systems (those satisfying the hypotheses of Theorem 2).

We already saw that many classical hyperbolic and expanding dynamical systems
satisfy the C! Legendre property. Now we consider some examples of pairs with
an abundance of ergodic measures. We first recall an important related notion. A
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*@

ose

FIGURE 3. On the left: all the maximizing points {af, o5, i}
for the u-dimension function are in int L. In this case, dim, X =
dim, C4 > dim, Cy4/. On the right: all the maximizing points
{65, 83,55, Bx, B} for the u-dimension function are in OL. In this
case, dim, X > dim, Cp.

map T is said to have entropy density of ergodic measures if for every p € M(T)
there exist ergodic measures v, € M(T) for n € N such that v, — p in the
weak™ topology and h,,, (T') — h,(T) when n — oco. If T' has entropy density of
ergodic measures, then the pair (T, ®) has an abundance of ergodic measures for
any family of continuous functions ®. It is known that mixing subshifts of finite
type and mixing locally maximal hyperbolic sets have entropy density of ergodic
measures (see [18, Theorem B| and [32, Theorem 2.1]). In addition, any continuous
map T of a compact metric space with the weak specification property such that
the entropy map g +— h,(T) is upper semicontinuous also has entropy density
of ergodic measures (see [15]). As a consequence, some examples of pairs (T, D)
with an abundance of ergodic measures include expansive maps with specification
or weak specification, topologically mixing diffeomorphisms with locally maximal
hyperbolic sets, subshifts of finite type, sofic shifts and S-shifts, together with any
family of continuous functions ®.

Observe that in item 2 of Theorem 12 we required the entropy and u-dimension
functions to be continuous on L, although in general these are only upper semi-
continuous. This issue was considered in the literature in the context of rotation
theory, where h|L is also called the localized entropy function. It was showed in [21]
that for a compact convex set K C RY, the property that every concave upper
semicontinuous function on K is continuous is equivalent to K being a polyhedron.
We note that L is a polyhedron for subshifts of finite type with locally constant
potentials, and in fact with certain nonlocally constant potentials (see [23, 26, 41]).
This guarantees the continuity of A on L. Furthermore, in the same setups, if d,
is concave on L, then it is also continuous. In the one-dimensional case, it is easy
to see that every concave upper semicontinuous function on L C R is continuous
on L. On the other hand, as showed in [40], this is not always the case in higher
dimensions, where h may be discontinuous at the boundary of L even for the full
shift and Lipschitz continuous functions.

7. NONTYPICAL POINTS AND FULL MEASURES

Using the existence of nonlinear full measures obtained in Section 3.1, here we
study the u-dimension of nonlinear irregular sets while extending several results
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in [8]. The main element of our approach is that nonlinear full measures can be ap-
proximated by or are in fact distinguishing measures (as introduced in that paper).

Let T: X — X be a continuous map of a compact metric space, ¥ = {41, ...,1%q}
a collection of real-valued continuous functions, and F': U C R? — RP a continuous
function, where U is an open set containing L. We define the nonlinear irregular
set (with respect to F') by

Ir = {x € X : lim F(lSnz/Jl(ac), ey 1Sn¢d(x)> does not exist}.
n n

n—oo
The set X can be decomposed in the form
X=1pU | Cf,
BERP

a nonlinear counterpart of the multifractal decomposition of X (see [30] and refer-
ences within). Considering the (individual linear) irregular sets

1
B(yy) = {3? eEX: ILm ESnwj(a:) does not exist},

one can check that
Ir CB(p1)U---UB(Ya).
Moreover, we note that in general B(11) N ---NB()4) may not be contained in Zp.
This means that, a priori, the nonlinear irregular sets may be smaller than the
linear irregular sets. A natural question is thus how large is Zp from the point of
view of dimension and, more specifically, under what hypotheses one can show that
dim, Zr = dim,, X.
The following notion was introduced in [8].

Definition 1. Let G = {g’: X — R}y for i = 1,...,m be sequences of contin-
uous functions. A collection of measures {p1, ..., ur} on X is called distinguishing
for G1,...,G™ if for every 1 < i < m there exist distinct integers j; = j1(i) and

j2 = jo(4) in [1, k] and numbers a§1 #+ a;-Q such that

lim ¢’ (z) = aé-l for p1,-almost every z € X,
n—oo

nILrI;O gn(z) = aj, for pj,-almost every r € X.

We also need the following result.

Theorem 13 ([8, Theorem 7.2]). Let 0: X — X be a one-sided or two-sided
subshift satisfying the specification property and let {p1,...,ux} be a collection of
ergodic o-invariant distinguishing measures for G,....G™. Ifu: X — R is a
strictly positive Holder continuous function, then

dim, B(G',...,G™) > min{dim, p1,...,dim, u},
where

B(GY,...,G™) = {x e X: li_>m gl () does not exist fori=1,... ,m}.

Based on Theorem 12, we introduce a property that is relevant for our purposes.
Let (T,u,®) be C' Legendre. Then the first item in Theorem 12 guarantees the
existence of a® € int L such that dim, Co+ = dim, X. We say that a function
F: U D L — RP satisfies the void property with respect to (T, u, ®) if the parameter
B € RP with a* € F~1f is such that int F =!8 = () (with respect to the norm of R?).
For example, every C'! function without critical points satisfies the void property
with respect to any C! Legendre pair since then any set F~'8 C R? is a manifold
of dimension d — 1.

Now we state the main result of this section.
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Theorem 14. Let 0: X — X be a one-sided or two-sided topologically mixing
subshift of finite type, U = {¢1,...,%q} a collection of real-valued Holder con-
tinuous functions on X and u: X — RY a Hélder continuous function such that
the cohomology classes of 1,u,v1,...,%q are linearly independent. Suppose that
F = (F,...,F,): U D L — R? is such that each Fi,: U — R is a continuous
function satisfying the void property with respect to (T,u, ¥), where U C R? is an
open set. Then
dim, Zr = dim, X.

Proof. Write
F(x1,...,xq) = (Fl(xl,...,xd),...,Fp(xl,...,xd)) for (z1,...,24) €U,

and for each k =1, ...,p define the nonlinear irregular sets
1 1
Ip, = {:L' € X :limsup Fy, <Sn\11(x)> > lim inf F}, <Sn\I/(:c)> }
n—oo n n—o0 n
Then clearly
P
Ip, C1Ir C U I, forevery ke {l,...,p} (20)
j=1

and whenever Zp # (), there exists £ € {1,...,p} such that Zp, # 0.

Since every Holder continuous function has a unique equilibrium measure with
respect to any topologically mixing subshift of finite type and (o,u, ¥) is a C*
Legendre pair, one can apply Theorems 6 and 12. We consider the sequence of
real-valued functions G* = (Gf)nen given by Gf(z) = Fy(15,¥(x)) for every
z € X and n € N. By the first item in Theorem 12 and Theorem 6, there exist
aj € int L and a o-invariant ergodic measure v,y such that

/X Vdve:s =aj and dimy, ver = dim, Cy; = dim, X. (21)

Take 81 = F(af) and € > 0. Since the linear spectrum « — dim,, C,, is continuous
on int L and, by assumption, Fy satisfies the void property with respect to (T, u, ¥),
there exist § > 0 and a3 € B(a,8)/F, 81 C int L such that dim,, Cys = dim, X —
€/2. By Theorem 6, there exists an ergodic o-invariant measure Vaz such that

/X Vdvey =ay and  dimy, ve; = dim, Cqy > dim, X —e. (22)

Now let 82 = Fy(a3). By Birkhoff’s Ergodic Theorem and the continuity of Fy, we
have

n— o0

lim Gfl(x) =Fy (/ ‘l/dya1<> =1 for vus-almost every x € X,
X

lim Gf;(x) =F (/ \I/dl/a;> = B2 for vuz-almost every x € X.
X

n— oo

Since o ¢ Fe_lﬂl, we have 3y # (1, which readily implies that {va:,vas} is a
collection of distinguishing measures for the sequence G*. Hence, it follows directly
from Theorem 13 together with (20), (21) and (22) that

dim, Zr > dim, Zr, > min{dim, v,:,dim, ve; } > dim, X —¢.

The arbitrariness of € guarantees that dim, Zr = dim, X. [l

Remark 6. The void property allows one to avoid some pathological cases, where
there might exist ¢ > 0 and 8 € RP such that if dim, C, > dim, X — ¢, then
a € F713. In these cases, the continuity of the linear spectrum « + dim, C, on
int L forces that int F~13 # ().
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Remark 7. Tt follows from the proof of Theorem 14 that if the set F(int L) C R?
has more than one element, then the existence of distinguishing measures implies
that Zr # (). Moreover, when F[lﬁl,F[lﬂg C int L, it follows from Theorem 6
that dim,, C’gf = dim,, Var for 7 = 1,2, in which case the collection of distinguishing

measures {Vas:,Vay } for G* is composed of nonlinear full measures.

Remark 8. Some related nonlinear multifractal problems were discussed by Huang,
Tian and Wang in [22], although using different methods. As noted in Remarks
4.3 and 6.2 in [22], their approach cannot decide, for instance, if the irregular set
Tr has full topological entropy (with respect to the full shift), where ® = {¢1, 2}
is a collection of real-valued Hélder continuous functions on ¥V and F(z,y) = xy
(this nonlinear function also plays an important role in Section 9). However, since
F satisfies the void property, we can apply Theorem 14 (with v = 1) to show in
particular that hiop(0|Zr) = hiop(0).

We conclude this section by observing that using Markov partitions Theorem 14
can be properly adapted to give corresponding results for uniformly expanding and
hyperbolic maps (see [8]). Moreover, in the conformal case, we also have versions
of Theorem 14 for the Hausdorff dimension (see Theorem 16).

8. SOME APPLICATIONS TO FREQUENCIES OF DIGITS

In this section we use the nonlinear conditional variational principles to study
some classes of entropy and dimension spectra. These are related to level sets
defined in terms of frequencies with respect to symbolic dynamics and the repre-
sentation of numbers in different bases.

8.1. Frequency of symbols. We give some explicit examples in the context of
symbolic dynamics. We start with the case of a one-dimensional concave nonlinear
dimension spectrum for the full shift, when the nonlinear function F' is invertible.
Given a dynamical system T: X — X, we define the frequency of a point x in a
set E C X by
1 n—1
7(x,B) = lim ~#{0<j<n:T/(z) € B} = lim Y 15(T%(x)).

n—o0o N

Example 4. Consider ¥ = {0,1}, the shift map o: ¥¥ — XN the potential
¢ = 1¢,, the function u(wows . ..) = Uy, with ug = 2 and u; = 3, and the nonlinear
function F': R — R given by F(z) = cosz. In this case, L = [0, 1] and

Cg ={wexV:cost(w,Cy) = B}.
By Theorem 6 we obtain

. h, (o)
DF = dim, CY¥ = max {” :cosu(Ch) = }
u (ﬁ) B peM (o) fEN ud,u :U’( 1) /8

_ h#(g) . _
- ué%v%i;{u(cl) g sl =4 }

F u?ﬁi‘@{’”‘“((’) cosulC) =8 }
— arccos ( log(arccos 8) — (1 — arccos ) log(1 — arccos 3)
- arccos 3 + 2
for every 3 € [0, 1] satisfying arccos 8 € (0,1). Notice that 8+ DE(B) is analytic
and concave on its domain (cos1,1). Moreover, when 8* & 0.909, we have

0.281 ~ dim, " = Df(8*) = dim, C§. = dim, ns-,
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where ng« is the ergodic nonlinear full measure for 3*. In this case, the level set
Cg* is the only one carrying full dimension. One can also verify that

F~18* = {arccos 8*} = {a* ~ 0.430} C int L
with
Dy(a*) = dim, =N = DE ().
Now we describe a discontinuous nonlinear dimension spectrum.

Example 5. Consider ¥ = {0, 1}, the shift map o: ¥V — XN, the constant func-
tion u = 1/17 and the potential ¢ = 15(1¢,). Let also @: R — R be the cubic
polynomial given by

1
Qz) = 7(333 —182% + 89z — 132) + 3.

Proceeding as before, one can see that L = [0,15] and that the linear dimension
spectrum is given by

17a «@ 17« «
Dula) = ——log( =) = (17 = ZZ ) log(1— = ).
u(@) = —35 log(w) ( 75 ) Og( 15>

We observe that @ is not invertible on L. Moreover, it has the critical points
6++/19/3 on L (see Figure 4). Let o* = 6+ +/19/3 and take 8y = Q(a*). Observe
that Q718p = {a*, &'}, where o/ € (0,a*). It follows from Theorem 6 that

D (Bo) = max Dy(a)=Du(a).

On the other hand, for each § > 0 we have
Du(ﬁO) — D(BO — (S) Z fDu(a*) — fDu(a') > 0

Therefore, and as shown in Figure 4, Q '3y C int L and there is a jump from
DL (By — 6) to DL(Bp). In other words, the nonlinear dimension spectrum is dis-
continuous at [y. Incidentally, the other critical point of @ does not lead to a
discontinuity for the nonlinear spectrum.

LT - [e@ N

DI -9 N

s\

[ N S | S— Bo

\\__
\

FIGURE 4. The graph of the nonlinear dimension spectrum D%
with a discontinuity at Sg.

Note that in the former examples we have C' Legendre pairs, and so by Theo-
rem 12 there exist nonlinear level sets of full dimension.
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8.2. Frequency of digits. Now let us consider the uniformly expanding map
Ty: [0,1] — [0,1] given by Txz = kx mod 1 for some positive integer k& > 1. We
restrict our attention to 1-locally constant functions ¢;: [0,1] — R, that is, func-
tions that are constant on intervals of the form [¢/k, (¢ + 1)/k). For convenience,
we write ¢j¢ = ¢;([¢/k, (£ +1)/k)) and we consider the set

Sk ={(v0,--- -1) €10,1]" 190+ + -1 =1}
For a function : [0,1] — R given by ¥(0.2122...) = ay, (with 0.z12z2 -+ written
in base k) for some constants a; € R for j € {0, ..., k}, we have

= logZeXp aj, (23)

where P(1)) is the classical topological pressure of ¢ with respect to T.
Using Theorem 6, we give a complete multifractal analysis for the Hausdorff
dimension of the level sets involving nonlinear relations of frequencies of digits.

Theorem 15. For the expanding map Ty, consider a collection U = {11,..., 14}
of 1-locally constant functions v;: [0,1] — R and let F: U — RP be a piecewise
continuous function with finitely many discontinuities and at most at the positive
integer powers of 1/k, where U is an open set containing L C R?. Then the
following properties hold:

1. z'ng # (0, then
1 1
: P . _
dimg CB logk MeSJ?/EI() ){h#(Tk) : F(/o \Ild,u> = 6}

k—1
w ){Zwlogw},

T logk or?
O8 R acF=18 (v0,....75—1)€Tk =0

where o = (o, ...,0q) and

k—1
Li(a) = {(70,---,%—1) € Sk waﬂ =aq; forj= 1,...,d};

£=0
2. if in addition F is continuous and B € RP satisfies F~'8N L C int L, then
there exists a point a* = (of,...,a}) € F’l,B such that

1
dimy CE = 1
R S Ing ('YOv»-»'Yk 1 GFk(a* { Z'W Og’w}

1
= 1 —
o for e g ),

£=0 7j=1

(24)

and there exists an ergodic nonlinear full measure vg for 3.

Proof. Ttem 1 and the first equality in (24) follow directly from combining Theo-
rem 10 in [6] (or Theorem 7.2 in [36]), Theorem 6 and Theorem 11 in [6].

The second equality in (24) follows readily from Theorem 6 using the particular
expression for the topological pressure of 1-locally continuous functions in (23).
Finally, the existence of nonlinear full measures is a consequence of the second item
in Theorem 6. O

Remark 9. In view of Theorem 7.2 in [36] (or Theorem 10 in [6]), one can replace
the hypothesis F~!3 N L C int L by the requirement that the linear dimension
spectrum o — dim, C, restricted to F~!/ attains its maximum at some point in
int L. This is useful for applications when F~13NJL # () (see Example 6).
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We note that Theorem 15 improves Theorem 10 in [6] and can be seen as a
full nonlinear version of Theorem 11 in that paper. The main novelties are the
existence of ergodic measures concentrated on the nonlinear level sets, and the
second equality in (24), where we have a new more direct way of calculating the
Hausdorff dimension. This new formula comes from the relation between the u-
dimension and the classical topological pressure given by Theorem 6.

We continue to write z = 0.z1z2 - - - in base k. Considering the number
Tm(z,n) =#{j €{0,...,n—1} LT =m}
with m € {0,...,k — 1}, we define the frequency of m in the base k-representation
of = by
Tm(z) = lim Lﬂ(w’n),
n—o00 n

whenever the limit exists.

Example 6. Let T3x = 3x mod 1 on [0, 1] and consider the level set
T ={z €[0,1] : mi(x) = f(ro(2)) + B},
where f: R — R is given by f(z) = e!74*/4 and 3 € R. Letting ¥ = {41, } with
the 1-locally constant functions ¢ = 1jg,1/3; and 92 = 1[13,2/3], we have that
Fp = {z €[0,1] : G(ro(2),m(2)) = B} =: CF,
where G(z,y) =y — f(z). For each (a1, a2) € [0, 1] x [0,1], consider the level set
Clay,as) = {:c €[0,1] : 7o(z) = oy and 71 (x) = ag}.
In this case, L = {(aq,a2) € [0,1] x [0,1] : 1 + a2 < 1} (this set has nonempty
interior) and
61—4a
G g = {(a,4+ﬁ> :aER} C R2.
For each 8 with G~!8 intersecting int L, it is easy to see that G~'3 intersects
OL at exactly two points. Assume that § € R is such that the maximum of the

spectrum (o1, ag) — dimp C(qa, o) Testricted to G™1 is attained at some point
a* = (af,ad) € int L. It follows from Theorem 15 that

. — G _ i
dimy Fp = dimy Cf = (al’ogl)aé}éilﬁdlmH Clar,an)

2 2
fr— lnf 10 ex . o a* .
log 3 (q1,q2)€R? g; p;q](wﬂ j)

Since Y10 = 1,911 = 0,912 = 0,120 = 0,721 = 1 and 22 = 0, we obtain

dimy Fg = log(et(1mat)—azaz 4 paz(1-ez)=qie] 4 p=qi01=a203) - (95)

in
log 3 (g1.92)€R?

For instance, when 8 = 0, one can check that the maximum of the linear spectrum
restricted to G710 is attained at a* = (1/4,1/4) € int L. A computation using (25)

gives that
3log?2

2log 3
It follows from the proof of Theorem 6 that the ergodic nonlinear full measure
vy € M(T3) for = 0 is the unique equilibrium measure for the 1-locally continuous
potential H,~: [0,1] — R given by

Har () = (41, 42), (Y1 — o, ¥2 — a3)) — dimp Folog 3
—log 2(110,1/3)() + 1[1/3,2/3 (%) + 1).

dimg Fyp = dimy 0(1/4’1/4) = ~ 0.946395.
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Since in particular (73, W) is C! Legendre, Theorem 12 guarantees, a priori, the
existence of at least one point (@, as) € int L such that
dimg C(g,,a,) = dimg[0, 1] = 1.
Hence, for E € R such that (a1,as) € G_lg, we have
dimy T3 = dimp OF = dimp C(a, a,) = 1.

By the strict concavity of the linear dimension spectrum on L, the global maximum
is unique, and in this case

~ ~ 11 ~ 1 3
(a17a2):(3»3> and 5212<4—61/3>~

The graph of the spectrum 3 +— dimpg J3 can be obtained by a numerical compu-
tation using formula (25). The domain is given by

{ﬂ eR: max dimC, = max dimC’a},
aELNG-13 a€int L

which is approximately the open interval (—0.67,0.5) (see Figure 5).

—-0.6 0 0.4

G—1(—0.67)

FI1GURE 5. The domain and the graph of the nonlinear dimension
spectrum S — dimy Jg.

We are also able to show that the set of numbers with no well-defined nonlinear
relations between frequencies has full Hausdorff dimension, despite being negligible
from a measure theoretic point of view. The following result is a nonlinear version
of Theorems 1 and 6 in [6].

Theorem 16. For the expanding map Ty, consider a collection ¥ = {1, ..., 14}
of 1-locally constant functions 1;: [0,1] = R and let F = (Fy,...,F,): U — R? be
a continuous function, where U is an open set containing L C R®. If the function
F;: U — R satisfies the void property with respect to (Ty, ¥) for j =1,...,p, then

dimH([O, 11/ C}j) =1

BERP

Proof. One can obtain a particular version of Theorem 13 for the map T} and
sequences of piecewise Holder continuous functions with finitely many discontinu-
ities and at most at the positive integer powers of 1/k (see Lemma 1 in [6]). In
particular, this includes sequences of 1-locally constant functions and, using the er-
godic nonlinear full measures given by Theorem 15, one can complete the argument
proceeding as in the proof of Theorem 14. O
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Example 7. Under the assumptions of Example 6, since each G~14 is a curve in L,
the function G satisfies the void property with respect to (T3, V). Hence, it follows
from Theorem 16 that the corresponding nonlinear irregular set with respect to G
has full Hausdorff dimension, that is,

dim ([o, 11/ §ﬁ> = dimy Z¢ = 1.
BER

9. RELATION TO MULTIPLE ERGODIC AVERAGES

Here we explore some connections with the multifractal analysis of multiple
ergodic averages. More precisely, using Theorem 6 and some results in [19], we
compare different nonlinear dimension spectra and study the irregular sets for some
types of multiple ergodic averages.

Let ¥ be a finite set and consider the shift map o: XN — XN, Taking a collection
of real-valued Holder continuous functions ® = {¢1,¢2} on ¥V (such that the
cohomology classes of 1,¢1,¢2 are linearly independent), we define the multiple
ergodic average level set

n—1

Ma() = {3 i LS ou(oH@)oalo™ () = 3
k=0

The invariant spectrum of M4 (5) is defined by

Finw(8) = sup  {dimp p: p(Ma(B)) =1}
HEMerg (o)
When there exists an ergodic o-invariant measure concentrated on M4 (), it follows
from Theorem 1.5 in [19] that

Finy(8) = sup {dimHu :/ ) du/ ¢2 duzﬁ} (26)
HEMerg (o) SN b
Now consider the function F(x,y) = zy. By Proposition 10 and Theorem 2, the
linear spectrum

1
log #% fiop
attains its maximum on int L. Since the spectrum is also concave on L, for each
B € Rwith F~'gNint L # 0, the map o — dimy C,, restricted to F~'8N L attains
a maximal value at some point a* € int L. Hence, by Theorem 7.2 in [36] and
Theorem 6, we have

a— dimyg Cy, = T|Cy)

dimHng sup dimpg C, = dimpg Cyx
acF-1p8

=dimgvg = sup {dimHu : F(/ 01 du,/ o du) = ﬁ}’
HEMerg (o) »N =N

where vg is an ergodic nonlinear full measure for § (with vg(Cy+) = 1) and
=, n—1
C’g = {x ext: nh—?éoﬁ Z(bl(ak(m)) Z¢2(0k($)) = B}.
k=0 k=0
Together wth (26), this implies that
dimpy C§ = dimpy v = Finv(5)

with vg concentrated on Cg. And since Fin(8) < dimpy Ma(B8) (see [19]), we
obtain
dimy Cf = dimpy vg < dimpy Ma(B). (27)
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In addition, since (o, ®) is a C'! Legendre pair, by Theorem 12 there is 3* € R such
that dimg Cg* = dimy ¥V, Together with (27), this readily implies that M4 (3*)
also has full Hausdorff dimension. Furthermore, considering the relation with the
classical topological pressure given by Theorem 6, we obtain the following result.

Theorem 17. Let o: XN — N be the shift map and let ® = {¢1, ¢} be a collection
of real-valued Hélder continuous functions on XN such that the cohomology classes
of 1, ¢1, ¢ are linearly independent. Then for each B with F~'8Nint L # § such
that there is a measure p € Merg(0) with p(Ma(B)) = 1, the following properties
hold:

1. there exists an ergodic o-invariant measure vg concentrated on C’g such that
dimy Ma(B) > Finy(B) = dimp vg = dimy Cf

1 .
I0g #E. (a1.an)eF—15 (ql,lqrzl)few
where P is the classical topological pressure; in particular, there exists a point
(af,a3) €int LN F~1B such that

dimpg M4 (B)

P(q1¢1 + q202 — qron — qza2),

> — 1nf P + _ Oé* _ Oé* :
N log#z (q1,92)€R? (Q1¢1 (]2(b2 q10vp — G2 2)

2. there exists at least one parameter f* € F(L) C R such that
dimy Ma(B*) = Fiuv(8*) = dimy Cf. = dimpy X"

Remark 10. In [19] the authors introduced a nonlinear-type topological pressure
to calculate the exact value of the Haudorff dimension of the sets M4(8). By The-
orem 17, one can see explicitly how the classical (linear) topological pressure is
only able to give a lower bound in this framework. Moreover, making a compar-
ison with [19], one can also obtain an expression connecting the classical and the
“nonlinear” pressure introduced in that paper (see Theorem 1.1 in [19]).

In view of Theorem 17, the existence of nonlinear full measures and the notion
of distinguishing measures, one can also study nontypical points with respect to
some multiple ergodic averages. Let T4 be the set of points 2 € X such that the
limit lim,,—, o Ap () does not exist, where

Anla) = 2 3 i (oH (@) n(o™ (@)
k=0

Theorem 18. Let o: XN — XN be the shift map and let ® = {¢1, p2} be a collection
of real-valued Hélder continuous functions on XN such that the cohomology classes
of 1, ¢1,¢2 are linearly independent. If each B with F~18 Nint L # 0 is such that
there is a measure ft € Merg(0) with p(Ma(B8)) =1, then

dimpg Z4 = dimg 2V,

Proof. By the second item in Theorem 17, there exists 8* € F(L) that has asso-
ciated an ergodic nonlinear full measure vg- such that dimg vg- = dimg YN, One
can verify that the supremum in (26) (with g replaced by £*) is attained at some
mixing measure 7g« € Merg(0). By the mixing property, we have

lim A,(z) = / ¢1 dng- / ¢2dng- = B* for ng--almost every x € »N.
N bl

n—oo

In particular, ng-(Ma(8*)) = 1 and Fiu(8*) = dimpg ng-. The first item in Theo-
rem 17 now gives that dimg ng- = dimg vg-.

The function F(z,y) = xy satisfies the void property with respect to (o, ®),
and so for each ¢ > 0 there exists § € F(L) with 8 # §* such that dimpy vg =
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dimy XN — ¢ (see the proof of Theorem 14), where v is an ergodic nonlinear full
measure for 8. Proceeding as above, one can also guarantee the existence of a
measure 7g € Meg(0) concentrated on M4(8) and satisfying Fin, (8) = dimg n3.
Again by the first item in Theorem 17, we obtain dimg ng = dimpg v. In this case,
we also have

lim A,(xz) =8 for ng-almost every = € PN
n—oo

and since 5 # %, the set {ng~,n3} is a collection of ergodic o-invariant distinguish-
ing measures for the sequence (A, )nen. Therefore, Theorem 13 yields that

dimpy T4 > min{dimy ng~,dimg ng}
= min{dimy vg-,dimy vg} = dimy N e
The arbitrariness of € shows that dimgy Z4 = dimy 2. O

To the best of our knowledge, Theorem 18 is the first result in the literature
showing that some irregular sets for multiple ergodic averages have full Hausdorff
dimension.

10. INTERMEDIATE ENTROPY AND DIMENSION PROPERTIES

In this section, inspired by the recent work in [17], we study some relations
between intermediate entropy and dimension properties of ergodic measures and
their nonlinear counterparts. Once more, these developments are based on the
existence of ergodic nonlinear full measures as introduced in Section 3.1.

Let ® = {¢1,...,04} be a collection of real-valued continuous functions on X,
and let F': U — RP be a continuous function, where U is an open set containing
the domain L. For each 8 € F(L) C R?, we define

= o, i -5([ o) 1)

Moreover, we continue to use the notations € and DI introduced in Section 5.
The following result gives a relation between intermediate entropy properties of
ergodic measures and their nonlinear versions.

Theorem 19. Let T: X — X be a continuous map of a compact metric space such
that the metric entropy p — h,(T') is upper semicontinuous. Let ® = {¢1,...,dq}
be a collection of real-valued continuous functions on X and assume that F: U —
RP is a continuous function, where U is an open set containing L. If for alla € int L
and h € [0, h(a)), the set

B(a, h) = {u € Merg(T) : hy(T) = h and /X O dp = a}
is a dense Gg subset of
Cla,h) = {,u eM(T) : h,(T) > h and /bedu = a},
then for all 3 € RP such that F~'3N L C int L and h' € [0, h¥(B)) the set

BE(B,0) = {u € Merg(T) : hy(T) = K and F(/X <I>d,u> = ﬂ}

is also a dense G5 subset of

er(B,n) = {u €M(T) : hy(T) > K and F(/X @du) = 6}.
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Proof. By Proposition 5.7 in [16], My (T') is a G5 subset of M(T"). Therefore,

{M € Mearg(T) : by (T) > 1 and F(/X @du) = 5}

is a G5 subset of CF'(3,h’). Since the metric entropy is upper semicontinuous, the
set {u € M(T) : hy(T) € [W/,h +1/n)} is open in {p € M(T) : h,(T) > h'} for
each n € N. This implies that

{u € M(T) : hy,(T) = h' and F(/X @du) = 5}

is a G subset of C¥'(3,h’). Thus, the set B (B,1h') is a G subset of CF' (B, 1).
Finally, B¥ (8, h') is dense in €F(3, k'), which completes the proof. O

As a consequence of Theorem 19 together with Theorems 3 and 6, we obtain a
corresponding nonlinear result for intermediate entropy properties of ergodic mea-
sures.

Corollary 20. LetT: X — X be a continuous map of a compact metric space such
that the metric entropy pn — h,(T) is upper semicontinuous. Let ® = {¢1,..., ¢q}
be a collection of real-valued continuous functions on X and assume that F: U —
RP is a continuous function, where U is an open set containing L. Assume that
for all o € int L and h € [0, h(w)), the set B(a, h) is a dense Gs subset of C(a, h).
Then for each f € RP with F~'8N L C int L we have

0.05(5) € () & Marg(1) ana P [ ) = 5}

Moreover, if there is a dense subspace D(X) C C°(X) such that every & € D(X)
has a unique equilibrium measure with respect to T, then for each 8 € RP with
F~13NL C int L we have

[0,e7(B)) {hu(T) : € Merg(T) and F(/X <I>du> = 5}.

In particular, when hyop(T) < 0o and span{¢i, ..., ¢q,u} C D(X), for each § € R?
with F~1'8N L C int L we have

0,80 = { () s € 3(7) and P [ 2 = 5}

- {h#(T):MeM(T) and F(/X @du> =5}.

Now assume that T': X — X is a homeomorphism. We say that T is expansive if
there exists a constant ¢ > 0 such that for any z # y € X, we have d(T*(x), T*(y)) >
¢ for some i € Z. Given § > 0, a sequence {x,}nez is called a d-pseudo-orbit if
d(T(zpn), Tnt+1) < 0 for any n € Z. Moreover, given € > 0, we say that {,}nez is
e-shadowed by some y € X if d(T"(y), z,,) < € for any n € Z. Finally, we say that
the map T has the shadowing property if for each € > 0 there exists 6 > 0 such that
any 0-pseudo-orbit is e-shadowed by some point in X.

Following [17], we say that a homeomorphism T: X — X of a compact metric
space is topologically hyperbolic if X has infinitely many points, and T is expansive
and satisfies the shadowing property. It is well known that locally maximal hyper-
bolic sets for C'* diffeomorphisms are expansive and satisfy the shadowing property
(see for example [24]). It follows from Theorem 6.11 (III) in [17] that if T is a
transitive topologically hyperbolic system, then all the hypotheses of Corollary 20
are satisfied.

Following the proof of Corollary C in [17] (with simple modifications), we obtain
the following result for the u-dimension.
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Theorem 21. Suppose that T: X — X is topologically transitive and topologi-
cally hyperbolic, and let ® = {¢1,...,¢a} be a collection of real-valued continuous
functions on X. Then for each o € int L the set

{dimuu P € Merg(T) and / ddu = a}

X

is an interval containing zero, that is,
[0, AST8(ax)) C {dimu,u P € Mo (T) and / O dy = a} C [0, A3(a)],
b'e

where A8 (o) = sup{dimy 1 : 1 € Merg(T) and [ ®dp = a}.

Combining Theorem 21 with Theorems 3 and 6, we obtain a corresponding
nonlinear result for the intermediate u-dimension properties of ergodic measures.

Corollary 22. Suppose that T: X — X is topologically transitive and topologi-
cally hyperbolic, and let ® = {¢p1,...,dq} be a collection of real-valued continuous
functions on X. Then for each B € RP with F~13N L C int L we have

[0,A7%(8)) C {dimuu D € Merg(T) and F</ <I>du> = ﬁ},
X
where

ATS(B) = sup{dimuu it € Merg(T) and F(/X @du) = B}.

Moreover, if there is a dense subspace D(X) C C°(X) such that every & € D(X)
has a unique equilibrium measure with respect to T, then for each B € RP with
F~'8NL Cint L we have

0, DF (8)) ¢ {w : 11 € Mong(T) and F(/X <I>du> _ 5}.

In particular, when hiyop(T) < 00 and span{¢1, ..., ¢4, u} C D(X), for each 3 € R?
with F~'8N L C int L we have

0,253 = {aim, € Moy(0) and P [ @an) = 5

_ {f?ﬂl 1€ M(T) and F(/qu) z/a}.

For average conformal hyperbolic maps, similar intermediate Hausdorff dimen-
sion properties for the nonlinear case can also be obtained from Corollary 22 (see
Theorem G in [17]).
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